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Abstract

An alternative but very promising approach of traffic modeling is the use of fractal char-
acterization to describe the high variability and bursty nature of network traffic. The
aim of this dissertation is to contribute to this research approach, more precisely, to solve
some problems in statistical testing, traffic characterization, modeling, and performance
evaluation. First, the implications of non-stationarity on long-range dependence tests are
presented. Next, the effects of traffic components in the aggregation are investigated in a
comprehensive characterization study. In addition, an investigation of multifractal queuing
performance is presented. Finally, a new traffic model is proposed which is able to capture
the complete multifractal characteristics of network traffic.
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Introduction

In the last decade a number of teletraffic research papers have reported the high vari-
ability and bursty nature of LAN/WAN traffic in a wide range of network environments
[57, 51, 46, 19, 18, 22, 45, 47, 39]. From the modeling point of view this phenomenon is
difficult to characterize by the well-known Markovian models. An alternative but not very
well elaborated type of modeling approach is to use the notion of fractals to characterize
the complex “burst within burst” traffic structure. This is in close relationship to traffic
burstiness because bursts should be defined in terms of time scales over which clustering
activities occur. The surprising scaling phenomenon observed in data traffic is that these
clustering activities are present over several time scales [57].

Fractal traffic modeling introduced the notion of long-range dependence (LRD), self-
similarity, and recently multifractals to teletraffic theory. Historically first long-range de-
pendence and self-similarity were detected in the statistical analysis of a large number of
traffic traces and a group of studies is concentrated on the detection of these properties
and their engineering impacts in network performance and operation. However, it was also
discovered that LAN/WAN traffic reveals a highly irregular local structure with a more
complex scaling behavior which cannot be explained in a self-similar framework [51, 19, 18].
Therefore multifractal traffic models with much more flexible scaling laws seem to be needed,
especially for some WAN environments [46, 18, 47].

Since understanding traffic behavior and characteristics is very important in network
dimensioning and performance prediction there is a basic need for a comprehensive and
detailed study of fractal traffic theory. Although many significant results have been obtained
in a number of approaches published in this field, there are still many open questions to
be answered. The objective of this work is to contribute to this research approach, more
precisely, to solve some problems in statistical testing, traffic characterization, modeling,
and performance evaluation.

An important practical issue is the identification of LRD phenomena and the estimation
of LRD parameters, especially the estimation of the Hurst parameter. Unfortunately, testing
of measured data for LRD is not possible by simply checking the definitions. Instead, we
can use some methods for testing the presence of some characteristics of the data which
can or cannot support the LRD property and also can or cannot give a reliable estimate
of the Hurst parameter. Moreover, if all methods support the assumption of the presence
of LRD with some parameter H it is still possible that this observation is caused by non-
stationarities present in the data and is not due to LRD (since LRD is only defined for



stationary processes). In this case it is possible to end up with wrong conclusions and build
wrong models. Therefore it is of interest to reveal the implications of the most important
non-stationarity effects, which often occur in practice in the most frequently used LRD
tests. This could support teletraffic engineers with guidelines so as not to mistake actual
non-stationarities for stationary fractal behavior.

Scaling and multiscaling phenomena are often observed in WAN environments, especially
in characterization studies of IP traffic. However, a few papers have examined the nature
of IP traffic components. We know that understanding the characteristics of the individual
components in the aggregation, i.e., a comprehensive analysis of different protocol layers
with distinct traffic components is vital for establishing a correct physical understanding
and modeling methodology. Such a study may give a deeper look into the nature of this
typical WAN traffic and it can also show how components influence the aggregated traffic.

From a practical point of view queuing analysis of fractal traffic is a very important issue
for network dimensioning and management. Therefore the study of queuing systems with
fractal traffic input is a challenge in queuing theory. Recent traffic research has deeply ana-
lyzed the performance of queues with LRD or self-similar input [57, 53, 23, 35]. A collection
of studies has proven that the fractional Brownian motion (fBm) based models have a tail
queue distribution that decays asymptotically like a Weibullian law. However, there is a
lack of queuing results available in the cases when the input traffic has a more complex scal-
ing behavior. Especially, queuing systems with multifractal input are an undiscovered field
with only a few results published in the literature [45]. An analytical study of multifractal
queues is necessary for further applications of multifractal models. It is also of particular
interest how the impact of multifractal traffic differs from the monofractal case. A simple
and effective estimation method for queue tail probabilities could be very important for
performance predictions of such queuing models.

One of the most important tasks of network research is to construct adequate models for
the concerned traffic flows. There are different processes which are candidates for traffic with
multifractal scaling property. These models are mainly based on the simplest multifractal
processes, i.e. multiplicative cascades, and always concentrated in modeling of the scaling
property. They do not aim to capture the complete multifractal characteristics, which also
includes other factors apart from the scaling law, and/or use many parameters [45, 22, 10,
21, 34]. A simple and complete multifractal model with a few parameters is indispensable
for further analysis of the model, i.e. in performance evaluation of the network traffic. Once
a model is presented its statistical properties should be derived by comparing them to the
real traffic characteristics and it also should be, for instance, validated in a queuing analysis
study. This shows the applicability of the model in modeling multifractal traffic streams.

Outline of the dissertation
First a brief summary of the mathematical background of the fractal theory is introduced

in Chapter 1. In this chapter the main definitions and some typical properties of the fractal
concepts are presented.



Next, the findings and results of this dissertation can be divided into four groups:

e In the first part the implications of some typical non-stationary effects, which can be
observed in measured network traffic, were investigated in several long-range depen-
dence tests.

Chapter 2 contains the investigations on this topic. In Section 2.1 and 2.2 long-range de-
pendence testing methods and the non-stationary effects under investigation are described.
Next, some analytical results are given in Section 2.3. The study is also completed with
a detailed simulation of some example data series which is presented in Section 2.4. Sec-
tion 2.5 concludes the main findings of the investigation and provides some guidelines to
avoid some pitfalls in long-range dependence testing of the actual measured network traffic.

e The second part focuses on the correlation and scaling behavior of IP traffic compo-
nents on both transport and application layers and shows how components influence
the characteristics of the aggregated traffic.

The study is based on real IP traffic measurements which are described in Chapter 3. A
global view about the structure of the measured IP traffic concerning the bandwidth share
of transport and application layer protocols is presented in Section 3.1. The characteristics
of the chosen interval to be analyzed based on a stationary and trend analysis study are also
described in this section. In Section 3.2 the results of the scaling analysis are shown based
on long-range dependence tests and scaling analysis tools. Finally, Section 3.3 summarizes
the chapter.

e In the third part an approximation for the tail asymptotics of a simple queuing system,
which is driven by general multifractal input process, is presented. The approximation
reveals some highlights on how multifractal traffic impacts differ from monofractal
cases. A new practical method for queuing performance estimation of multifractal
traffic is also given.

Section 4.1 introduces the queuing system under investigation. The approximation for the
queue tail probabilities with the proofs is shown in Section 4.2. Section 4.3 considers the
important applications and the simulation validation of the suggested queue tail estimation
method on some synthetic multifractal data series. In addition, this section also shows the
impacts of multifractal characteristic functions. The applicability of the estimation method
is verified in queuing simulation of measured network traffic and is presented in Section 4.4.

e In the fourth part a new multifractal traffic model is proposed. The aim is to find
an alternative multifractal model which is simple enough but still able to capture the
complete multifractal characteristics of data traffic. It is shown that the model has
all the important properties observed in data traffic including long-range dependence,
multifractality, and lognormality.



This part of the dissertation is shown in Chapter 5. Section 5.1 overviews the basics of
the model, the multiplicative cascades. Section 5.2 presents the new multifractal model
including the construction of the model, its parameters, and the main statistical properties.
Section 5.3 shows the application of the model for measured data traffic with validation
based on a queuing analysis study. Last, Section 5.4 concludes the chapter and suggests
some opportunities for further developments of the model.

Chapter 6 summarizes the main results of the dissertation.



Chapter 1

Fractal Traffic Theory

The fractal concepts' are not new in mathematics. However, they were only introduced
in network traffic modeling since the first findings of fractal properties in the LAN packet
traffic study of Leland et al. in [31]. The fractal theory involves a large class of stochastic
processes from long-range dependence (LRD), self-similarity, to multifractals. The following
summary, mainly based on [50, 4, 44|, provides a brief discussion of these topics and their
related concepts.

1.1 Long-range dependence

LRD describes those processes which have the covariances decaying very slowly to the zero,
like a power function [50]. Among the sets of processes with LRD self-similar and their
related processes are important in probability and modeling because of their connection to
limit theorems [30] and their simple structure.

Consider a stationary process X = {X;,i € Z} with autocovariance function

’Y(k) = Cov [XZ’X’H-k] ) ke Z, (11)

autocorrelation function given by p(k) = ~(k)/v(0), and power spectral density function
defined by

f) = — (ke A€ [—m,x. (1.2)

k=—o00
Definition 1.1.1. [}/ The process {X;,t € Z} is called a stationary process with long-range

dependence (or long memory) if there exists a real number H € (0.5,1) and a constant

The term fractal is also used in the context of the scaling of non-random objects. In this document this
notion is only mentioned regarding the stochastic processes.



cp, > 0 such that

ptk)

lim —=——
k—o00 Cpk?QH_2 ’

(1.3)

where H is called the Hurst parameter which measures the degree of long-range dependence.

The autocorrelation function and the power spectral density function are equivalent
specifications of a stochastic process second-order properties, thus the following definition
of LRD is also equivalent to the above:

Definition 1.1.2. [4] Let X be a stationary process for which the following holds: There

ezists a real number H € (0.5,1) and a constant ¢y > 0 such that

lim (CY

— = =1 1.4
A—0 cp|A[1—2H (14)

Then X 1is called a stationary process with long-range dependence.

The connection between cy and c, is derived by the Tauberian theorem, i.e., ¢y =
c,Var [X¢|I'(2H — 1) sin(m — nH) where I'(-) denotes the Gamma function,

+o0
I'(z) = / ¥ e du, z>0. (1.5)
0

It directly follows from the definition of LRD that the sum of the autocorrelations is
divergent, i.e., Y, p(k) = co. In contrast, for short-range dependent (SRD or short memory)
processes the autocorrelation function is geometrically bounded, i.e., limg_ o p(k)/c* =
1,0 < ¢ <1 and thus ), p(k) < co. The processes for which Eq. (1.3) holds with 0 < H <
0.5 and ), p(k) < oo are called intermediate memory processes [4].

It is important to note that the definition of LRD only determines the asymptotic be-
havior of the process second-order specifications. It only tells something about the ultimate
behavior of the correlations as the lag tends to infinity. In this generality, it does not
specify the correlations for any fixed finite lag. Moreover, it determines only the rate of
convergence, not the absolute size. Each individual correlation can be arbitrary small. Only
the decay of the correlations is slow. This makes the detection of LRD more difficult [4].
Statistical methods for LRD detection and for estimation of Hurst parameter are described
in the next chapter, section 2.1.

Examples for LRD processes are fractional Gaussian noise (fGn) and F-ARIMA pro-
cesses, while all Markovian, ARMA, and finite memory processes are SRD.

1.2 Self-similarity

A stochastic process is self-similar if it is invariant in distribution under the scaling of time
or space. For an exact self-similar process there is a rigorous scaling rule determined by



a parameter (H) over all available time scales. The only self-similar Gaussian process is
called fractional Brownian motion (fBm).

Definition 1.2.1. [50] The real-valued process {X(t),t € R} is self-similar with index
H >0 (H-ss) if for all a > 0, the finite-dimensional distributions of {X (at),t € R} are
identical to the finite-dimensional distributions of {a” X (t),t € R},i.e., if for any k > 1,

t1,t2,...,tr € R and any a > 0,

(X (at1), X (ata),..., X (aty)) 4 (aHX(tl),aHX(tg), e ,aHX(tk)) . (1.6)

The relation in Eq. (1.6) can be expressed in a more concise way:
X(at) £ aP X(t). (1.7)
A non-degenerate H-ss process cannot be stationary because if it were, we would have
for any @ > 0 and ¢t > 0, X (¢) g X (at) 4 a X (t) and we would obtain a contradiction

because a’’ X (t) — oo as a — oo [50]. There is, nevertheless, an important one to one
correspondence between self-similar and stationary processes.

Proposition 1.2.2. [50] If {X(t),0 <t < oo} is H-ss, then
Y(t)=e X (), —oo<t< oo, (1.8)
is stationary. Conversely, if {Y (t), —oo <t < oo} is stationary, then
X(@t)=t'y(Int), 0<t< oo, (1.9)

1s H-ss.

However a non-degenerate H-ss process can have stationary increments.

Definition 1.2.3. The process {X (t),t € R} is H-sssi if it is self-similar with index H and

has stationary increments.

The definition of H-sssi process determines the possible vales of index H.



Lemma 1.2.4. [50] Suppose that {X(t),t € R} is a (non-degenerate) H-sssi finite variance

process. Then

and

Cov [X (t1), X (t2)] = % {61 + [t — 11 — 225} Var [X(1)]. (1.10)

Moreover, for allt € R

EX(#)]=0 i 0<H<I,
X(t)=tX(1) a.s. if H=1.

If X(t) is a (non-degenerate) H-sssi finite variance process, then 0 < H < 1. The
interesting range of H is 0.5 < H < 1 for traffic modeling because H-sssi X (t) processes
with H < 0 are not measurable and represent pathological cases while for the H > 1 case
the autocorrelation of the incremental process does not exist. The range of 0 < H < 0.5
can also be excluded from our practice because in this case the incremental process is
SRD. For practical purposes the range of 0.5 < H < 1 is only important. In this range
the autocorrelation function of the incremental process of X (t), which can be defined in
discrete time as

Zy =X(k) — X(k-1), kelZ, (1.11)
have the following form:

p() = 5 [(k+ 12 — 2K 4 (5 —1)°] (1.12)
This incremental process is LRD which shows the connection between self-similar and LRD
processes.
Self-similarity is also extended to discrete processes to fit the theory of time series. Let
X ={Xj,i € Z} be a stationary process with the autocorrelation function p(-). Define the
m-aggregated time series X (™ by averaging the original series in non-overlapping blocks of
m, replacing each block by its mean, i.e.,

1
Xl(m) = E (Ximferl + XimferQ +...+ le) m=12... (113)

and denote its corresponding autocorrelation function by p(m)(-).



Definition 1.2.5. [51] A stationary process X = { Xy, k € Z} is called exactly self-similar
if it is satisfies

x(m) L H-1x (1.14)

for all aggregation levels m.

The process X is called second-order self-similar if

m 1

o p™M(k) = p(k) (1.16)

for any aggregation m. A weaker condition is the following: a process X is said to be
asymptotically second-order self-similar if

lim p™ (k) = p(k). (1.17)

m—oco

The only Gaussian process that is self-similar and has stationary increments is called
fractional Brownian motion.
Definition 1.2.6. [50] A Gaussian H-sssi process, 0 < H < 1, is called fractional Brownian
motion (fBm) and is denoted {Bg(t),t € R}. It is called standard fractional Brownian
motion if o3 = Var [Bg(1)] = 1.

The fBm has the following important properties:

(i) Bp(t) has normal distribution with mean 0 and variance o3t

(ii) Cov[Bu(t1), Bu(t2)] = 3 (|t1[* + [t2*" — [t1 — t2|*H), H € (0,1),
(iii) B (t) has continuous sample paths.

The incremental process of the fBm is referred to as fractional Gaussian noise (fGn). In the
special case of H = 0.5 the fBm is called Brownian motion.

1.3 Multifractals

In contrast to self-similar processes, multiscaling or multifractal processes allow a more flex-
ible law of the scaling behavior. The class of multifractal processes involve all the processes
with scaling property including self-similar, monoscaling, and multiscaling processes. The
most obvious examples of the multiscaling processes are the multiplicative cascades.
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Definition 1.3.1. [8/ A stochastic process X (t) is called multifractal if it has stationary

increments and satisfies

E[1X (1)) = c(q)t™ @+ (1.18)

for some positive ¢ € Q,[0,1] C Q, where 7(q) is called the scaling function and the moment
factor ¢(q) is independent of t.

An easy consequence of the definition is that 7(g) is a concave function. If 7(g) is linear
in g the process is called uniscaling or monofractal, otherwise it is multifractal. It can be
show that in the special case of self-similar process with index H we get 7(q) = ¢H — 1
and c¢(q) = E[|X(1)]9]. The class of multifractal processes involve both monofractal and
self-similar cases.

The definition above describes multifractality in terms of process moments and it may
lead to a more intuitive understanding of multifractality. However, there is an alternative
approach to multifractals which is based on the study of the local erratic behavior of the
process by means of its local Holder exponents.

1.3.1 Large deviation spectrum

Without loss of generality consider a process X(t) defined on I = [0,1]. For any n
this interval can be decomposed as the disjoint union of 2" dyadic subintervals I¥ =
k27", (k+1)27™), where k = 0,1,...,2" — 1. The coarse Hdlder exponents at reso-
lution n are defined as the rescaled logarithmic increments of the process on IF, i.e.,

of = —Llog, | X ((k+1)27") — X (k27™)|. Define k,(t) such that I5® is the unique

n
interval which contains ¢. The local Holder exponent of X at t is defined as

a(t) = lim inf af»® (1.19)
n—oo
The grained or large deviation spectrum measures, loosely speaking, how fast the probability
of observing a coarse Holder exponent different from the expected value tends to zero as
the resolution tends to infinity [32].
Let NZ(«) be of the form

Ne(o) =#{k=0,1,...., 2" =1): a* e [a —e,a + €]}, (1.20)

where € > 0 is the scale of measurement. Then the large deviation spectrum, denoted by
fg, can be defined by

log Nf ()

fg(a) = lim lim sup (1.21)

e=0 pooo

The large deviation spectrum describes the distribution of the local singularities, since the
number of dyadic intervals of size 27" with coarse Holder exponent = « varies roughly as
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2nf9(2) for large n. Equivalently:
P, [aﬁ ~ a} ~ 97 n(1=fe(@) (1.22)

where the probability is related to a random choice of k£ uniformly in {0,1,... ,(2" — 1)},
i.e., P, is the uniform distribution on the set of all dyadic intervals I¥ of size 27" [32].

1.3.2 Legendre spectrum

Legendre spectrum provides a robust estimation of the large deviation spectrum while data
satisfies some necessary conditions.

Let Y, = {Y,}: Y} = |X((k+1)27) - X (k27")|,k = 0,1,...,2" —1} denote the discrete
increment process of X. Define the partition sum S, (¢) with ¢ € R:

2" —1
Sul@) = Y |X((k+1)27") - X (k27
k=0
on_1
- YR\ = ong,, [ealoeYn] | (1.23)
5 (1) e e

where E,[-] denotes the average operation. Then the scaling function can also be given by

log S,,(q)

T(q) = linniigéf i Tog 2 (1.24)
and thus the Legendre spectrum of the process X is defined by the following
file) =7%(a) = inf (ag — 7(q)). (1.25)

qeR

Consider the moment generating function of the random variable Z, = log Y;¥ where k
is distributed with P,, as before

en(q) = —% log B, [¢7%] = —% log (275, (q)) (1.26)

The Gértnet-Ellis theorem [15] shows that if lim ¢, (¢) exists (in which case ¢,(q) = 7(¢)+1)
and differentiable, then the following relation holds

fila) = fyle), (1.27)

which is also referred to as multifractal formalism [32].

Thus the Legendre spectrum provides a visualizing method for detection and delineation
of multifractal property. Moreover, it is favorable since its computation is much easier than
the direct computation of the large deviation spectrum which requires the evaluation of
local quantities and of a double limit [32].



Chapter 2

Effects of Non-Stationarity in
Long-Range Dependence Tests

Careful statistical analyses indicate that the measured traffic traces from live packet net-
works often contain non-stationary effects like level shifts or polynomial trends. In these
cases several popular tests for long-range dependence can result in wrong conclusions and
unreliable estimate of the Hurst parameter. The aim of this study is to reveal the impli-
cations of the most important non-stationary effects which occur in practice on the most
frequently used LRD tests in order to have a good understanding of these phenomena and
to investigate the robustness of these tests against non-stationarity effects.

The issue is not new and was also addressed in the hydrology literature (e.g. [28]) after
the application of LRD processes in the modeling of natural storage systems [25, 36]. Some
aspects of the problem were also presented and addressed in the recent teletraffic literature
[12, 17, 24, 41, 52, 48]. Important results are shown in [52] where the variance-type estimator
is investigated under several non-stationary conditions. The robustness of the A-V wavelet
estimator against non-stationary effects is presented in [48]. However, the understanding
of these phenomena is far from being complete, the stationarity tests and the validation
techniques of fractal models have not widely been applied in today’s teletraffic practice.

Note that this topic is somewhat philosophical from the application point of view. Theo-
retically, the measured data traces with finite length can be originated both from stationary
or non-stationary traffic source. Therefore, from modeling point of view the traffic can also
be considered to be stationary or non-stationary. One practical solution is based on the
notion of local stationarity, where stationarity is only assumed over some short periods of
time. Local stationarity with traditional models can also be used to capture the observed
characteristics [55]. An alternative but rather difficult solution is to use non-stationary
models, e.g. [13].

In this study both analytical and simulation investigations of the implications of non-
stationary effects on several tests are presented contributing to this research approach. The
results are also demonstrated with examples based on measured ATM traces. The main use
of these results can be utilized to avoid pitfalls in LRD traffic modeling.

12
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2.1 Long-range dependence tests

The task of testing LRD and the estimation of the Hurst parameter are not simple in prac-
tice. The main problem is that it is rather difficult to distinguish between non-stationary
processes and stationary LRD processes due to the fact that LRD processes appear to have
local trends, cycles, etc., many of the characteristics of non-stationary processes. Choosing a
finite and sometimes also short data set may avoid the appearance of non-stationarities but
it also makes the identification of LRD almost impossible. Having a longer data set this iden-
tification becomes easier but we know for sure that in a long measured data non-stationary
effects are present due to the daily cycles of traffic characteristics. The assumption about
stationarity with high reliability may only be supported in the busy periods of the traffic.
However, in some cases (e.g. IP traffic in a LAN) the notion of busy period cannot be
applied [5].

There are methods developed to test stationarity (e.g. [54, 16, 40]) and to distinguish
between LRD and non-stationarities (e.g. [29, 4, 48]) but application of these tests is not
easy in practice. Moreover, such tests can seldom support their results with high reliability.
Four widely used LRD tests are briefly reviewed here: the variance-time plot, the R/S
analysis, the periodogram, and the wavelet based H-estimator. More detailed description
of these methods can be found, e.g., in [4] and [3].

2.1.1 Variance-time plot

The variance-time plot is constructed based on the following asymptotic property of LRD
processes [4],

Var [X(m)} = m* 1~ 2Var [X] as m — 09, (2.1)

where X(™ denotes the m-aggregated process of X, X,gm) =1 Zfﬁk_l)m X;, m is the

—m
aggregation level, m = 1,2, ...

In practice, for a given time series X of size n, one chooses the maximum value of m
such that |n/m|! is still large enough and then logarithmically increases m from 1 to that
value. For those successive values of m, the logarithm of the sample variance of X (™) is
plotted versus the logarithm of m. If X is LRD this variance-time plot should be a straight
line with a slope of 2H — 2. An estimation of the Hurst parameter can be calculated by
fitting a least-squares line to points of the plot over the large values of m.

Since 0.5 < H < 1 the asymptotic slope of the variance-time has value between —1 and

0. The variance-time plot with slope —1 suggests that the series has no LRD and it has
finite variance.

!The operation |a] means the greatest natural number that is smaller or equal a,a € R.



14

2.1.2 R/S analysis

Consider a time series X of size n with sample mean X,, and sample variance S?(n) =
(1/n) > (Xi — X,)?. The rescaled adjusted range [4] R/S statistics of X is given by the

ratio:
R(n) max{W;: i=1,2,...,n} —min{W;: i=1,2,...,n}

Sn) S(n) ’

(2.2)

where W; = ZZ:1(X/§ — X,,). It can be proven for any stationary process with LRD of
parameter H that the R/S ratio has the following characteristics for large n:

R(n) n\H
= [5ea)~ (3" @s
which is known as Hurst effect [4].

Given an empirical time series of length n (X; : j = 1,2,...,n), subdivide the series
into K blocks of size |n/K|. Then for each lag d := |n/K|, compute the R(t;,d)/S(t;,d)
ratios, where t; denotes the starting point of the data block d, i.e., t; = |n/K|(i — 1) +
1, i = 1,2,...,d. Thus one has K estimates of R/S(d) for each value of d. Choosing
logarithmically spaced values of d (d < n) and plotting log [R/S(t;,d)] versus logd results
in the R/S plot.

Next, a least squares regression line should be fitted to points of the R/S plot. The slope
of the regression line gives an estimate of the Hurst parameter of LRD. The smallest values
of d should be disregarded because these points are dominated by short-range dependence
in the series. We also do not use the high end of the plot because only a few points in this

region may make the estimate unreliable. In practice, values of d in the middle region of
the R/S plot are used to estimate H.

2.1.3 Periodogram

The method is used to identify the manifestation of LRD exhibited in the frequency domain
(see Eq. (1.4) in Section 1.1). For a discrete time series X = {X;, X»,...,X,,} the peri-
odogram, i.e., the sample power spectral density as estimated using a Fourier transform, is

defined as )

, (2.4)

n

Z(Xk - Xv)eik;A

k=1

) = —

271

where A\ denotes the frequency, A € [0, 7).

The main idea of periodogram analysis is simply to plot the periodogram in a log-log grid
and to estimate H from the slope of the regression line fitted to the plot at low frequencies.
Practically, the periodogram plot is the graph of { log Aj,log I(A\;)}, 5 =1,2, ..., M where
Aj = 2mj/n and M is always chosen to be n/4,n/8,n/16 or n/32 and so on depending
on how large n is. According to Eq. (1.4), the plot should be a straight line with slope
—~v =1—2H in case of LRD processes.
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2.1.4 Wavelet-based estimator

Wavelet analysis of LRD traffic is introduced by P. Abry and D. Veitch in [3]. The estimator
is found to be very unbiased and highly robust against the presence of deterministic trends.
The description of the wavelet estimator is briefly reviewed here.

The discrete wavelet transform (DWT) represents a discrete series { X1, Xo,..., X, } by
a combination of the scaled and delayed versions of the mother wavelet function ¢ (.). At
scale level j the wavelet coefficients d,(j, k) are defined as follows:

de(j, k) =223 Xp(27n—k)  j=1,2,...; k=12..,27n (2.5)
i=1

Let X be a second-order stationary process. Then its wavelet coefficients d,(j, k) satisfy:
B[d (k] = [ 00280y (26)

where f(\) and ¥(\) are the power spectrum of X and the Fourier transform of the wavelet
function v (.), respectively. Based on Eq. (1.4) we have

E [d.(j, k)] ~ 2CH-"VDe0(H, ), (2.7)

where C'(H, 1) = [ |\~ =D|®(\)|2d\ is a constant which depends on H and .
If the length of X is n then the available number of wavelet coefficients at octave j is
nj, nj = 27Jn. Then,

py = B k] ~ - S 1R (2.8)
J k=1

Eq. (2.7) provides a possible way to estimate the Hurst parameter of the LRD processes:

n;

logy 1 ~ log, (ni S 1da(G k>|2) ~ (2H = 1)j + ¢, (2.9)
k=1

where ¢ = logy (¢yC'(H, 1)) is a constant. This means that if X' is LRD with Hurst parameter

H, then the graph of logy(y;) versus j, called the Logscale Diagram (LD), should be linear

with slope 2H — 1.

As discussed in detail in [3], the effects of polynomial trends with the degree P on this
estimator can be avoided by increasing the vanishing moment N of the wavelet function
such that N > P+1. This observation is justified by simulations presented later. Moreover,
the effect of level shift is also investigated.

2.2 Types of non-stationarities

The analysis of measured packet traffic can reveal various deterministic changes in the
data on different time scales. These traffic variations are not stochastic by nature but
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rather caused by deterministic mechanisms like protocols [27]. These mechanisms can, for
example, introduce quasi-periodic patterns in the traffic data which can be, if not detected
and removed, the reason for several statistical pitfalls, e.g. the conclusion of slowly decaying
correlations.

On longer time scales we can observe also a regular character of the traffic due to daily
or weekly variations. These traffic trends should also be identified and removed prior to any
statistical analysis. These are not easy but important parts of a comprehensive statistical
analysis [9, 7.

Different trend models are candidates for investigations, e.g. linear trend, parabolic
trend, exponential trend, logistical trend or Gompertz trend, etc. We have chosen the non-
stationary effects and trends which are frequently observed in practice. These are the level
shift, which can be observed when during our traffic measurements suddenly a new source
starts to emit traffic to the aggregation and the linear and parabolic trends, which can be
observed in daily traffic variations. For example, when people start to work in their office
between 8 and 10 am a monotonic increase of the total load of the aggregated traffic can
be observed.

2.3 Analytical investigations

In this section an analytical study is presented which shows how some non-stationarities can
change the results of some widely used LRD tests. Three cases were concerned: variance-
time plot of LRD data with level shift, with linear trend, and R/S analysis of LRD data
with level shift.

Consider a data series X = {X7, X»,...X,,} which is LRD with Hurst parameter H. To
make the later calculations simple two assumptions were applied: (1) n is large enough so
that aggregated series of {X} used in computation of the variance-time plot still contains
a large amount of data; (2) the mean of {X} is zero, i.e., X,, = 0. The second assumption
can be taken into account because the non-zero mean of LRD data does not change the
result of LRD tests (see definitions in Section 2.1).

2.3.1 Variance-time plot of LRD data series with level shift

The variance-time plot is the log-log plot of the variance of the data series versus the
aggregation level. The corrected sample variance of {X} series:

n—14

1 n
Var [X] = > X7 (2.10)
=1

since the mean of { X} is zero. Similarly, the corrected sample variance of the m-aggregated
series of {X} is:
- 1 [n/m] )\ 2
V. [Xm]:i (Xm> , 2.11
ar [n/m] — 1 Z j (2.11)

J=1
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where | z| denotes the greatest integer smaller than or equal to z. Eq. (2.11) holds because
the assumption that |n/m] is still large enough so X [:?/)mj ~ X, = 02. The following
relation holds for LRD series:

_ Var [X]

Var [XW] = (2.12)

After adding a level shift to the series X, the i-th element of the new series, denoted by
XZ-LS has the value:
X; ifi < |n/2|
X+ Krg ifi> Ln/QJ

XLS =
(2
where K¢ denotes the value of the level shift occurred in the middle of the investigated
time period®. It is easy to observe that the mean of the X% series is Kpg/2. Thus its
variance is of the form:

n

1 2
Var [X"°] = 1 Z (X5 — Kps/2)
i=1
1 [n/2] n
= —— | Y (G- Kws/2+ Y (Xi+ Kis — Kis/2)”
i=1 i=[n/2]+1
1 L n K2 KLS n [n/2]
= X? LS X. — X,
n—lz e o | , Z ! Z ‘
i=1 i=[n/2|+1 i=1
KQ
~ Var[X]|+ —i’s , if n is large enough. (2.13)
The j-th element of the m-aggregated series X (m) ig given by X](.m) = iz(jfl)m 41 X,
therefore
LS (m) _ X](-m) if j < [n/2m]
’ X" 4 Kig ifj> [n/2m]

<

with only one exception when the element contains the location of the level shift. Since
|n/m] is large enough this exception does not change the result. Thus doing the same
calculations as in Eq. (2.13) we have

K2
Var {XLS (m)] ~ Var [X(m)] + TLS (2.14)
By inserting Eq. (2.13) and Eq. (2.14) into Eq. (2.12) we get the final result:
Var [XI9] — K2,/4  K?
Var | XS (m)] — [ mQ]_2H Lo 4 IS, (2.15)

2This equality only holds when dealing with stationary data series.
3The location of the level shift jump has no effect on analytical and simulation results.



18

By plotting log (Var [X LS (m)]) against log m we get a convex curve bounded by two lines:
the line with slope 2H —2 and ordinate log (Var [ X LS | = K#4/4) as m — 0 and a horizontal
line with ordinate K74/4 as m — oo. The estimation of H for LRD processes should
be performed at large m (in theory as m — oo). Therefore it can be concluded that
the estimation is highly destroyed in the presence of level shifts. More details about this
distortion are demonstrated by examples given in Section 2.4.

2.3.2 Variance-time plot of LRD data series with linear trend

In this case the maximum value of the linear trend is denoted by K. The LRD series with
linear trend X* can be given as:

Xb=x4+ "= (2.16)

Because the mean of X is zero, i.e., X;, = 0, the mean of the new series is X = K /2 ~
X LLn/(mJ) where X (M) Jenotes the mean of m-aggregated series of X©. The variance of X*
can be calculated as flollows:

1 < Kp\? 1 < (i—1) K, Kp]?
Var [X7] = n—1;(XZ’_7> _n—liZ;[Xl+ n—1 2
2K, <~
= Var[X] mZZX—F BZ n—l
i=1
2K, <~ K2
~ Var[X]—FmZZXZ‘-FE:VaI‘[X]—FCl, (2.17)

where C] is a constant independent of m for a given data.
Similarly, for m-aggregated series we have:

Ky,

L (m) _ - (m) . . -
X; =X; +72(n_1)(2]m m—1) j=12,...,|n/m|. (2.18)
and
[n/m] 2
1 K
Var[ ] [n/m] —1 JZ [ J 2
[n/m| 2
m) Ky, . Ky
- x! 2jm —m —1) — =L
OE 2[ 2 —1) T
[n/m]
2K m
Var [X0] 4 e T =D 2, %"
K2 [n/m]
+ Z (2jm —m —n)% (2.19)

A(n —1)*([n/m| —1)
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Using the condition that [n/m| is large enough, i.e., m < n or n/m — 0 and the approxi-
mation [n/m] ~n/m, Eq. (2.19) can be simplified:

Ln/m)]
Var [XL (m)] ~ Var [X(m)] + 2K, m Z J X )¢ =L K2 K (tm =6) .(2.20)

(n—1)(n m

Finally, by inserting Eq. (2.17) and Eq. (2.20) into Eq. (2.12) we get the following:

Var [X1] — ) oKy m? L (7m 6)
L (m) L (m A
Var [X } m2—2H (n—1)( Z I m
_ Var[X'] -G (2.21)
- mfr(m) ’ )
where
log Var [XL] — Cl
[n/m] 2
Var [X] — Cy 2K, m? o (m) | Kj (Tm —6)
2 (n—=1)(n —m) ]21 JX 12 m
fr(m) = oz m . (2.22)

Eq. (2.21) shows that the presence of a linear trend in LRD data turns the result of variance-
time plot to be quite different from its original form. Plotting log (Var [X L (m)]) versus
log m instead of a straight line with slope (2H — 2) we should observe a curve described by
fr(m), which is a complicated function of m. The estimation of the Hurst parameter of
LRD from the variance-time plot should be done by fitting a regreision line to the plot at
m

large values of m, so from Eq. (2.21) and using the fact that X ]( is close to the sample

mean X we get:

[n/m|

2K, m? (m) (7m 6) 2K, m? n/m(n/m+ 1)
—_— X; ~ C
(n—1)(n Z] m (n—1)(n—m) * 2 *
K_%(?m—6)
12 m
7 2
~ Cy K1+ 12L, as m — oo, (2.23)

where Cy denotes a constant close to 0. Thus Eq. (2.21) can be rewritten as

Var [ XL 1 7 K?
}nQ—]ﬂ{ + CQ KL + 12L, as m — OoQ. (224)

Var [X L (m)}
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Eq. (2.24) concludes that the variance-time plot of a LRD process with linear trend
asymptotically approaches a horizontal line with ordinate Co K, + 7K% /12, where the con-
stant Cy is independent of m. The variance-time plots of the LRD process and a process
with no LRD are no longer distinguishable in the presence of a linear trend. For more
details see examples in Section 2.4.

2.3.3 R/S plot of LRD data series with level shift

The R/S analysis of an {X1, Xs,..., X, } data series is defined by the log-log plot of the
rescaled adjusted range R/S ratio versus the actual data window size d:
R max{W;; i=1,2,...,d} —min{W;; i=1,2,...,d}

— , 2.25
S Var [Xoﬁ,d] ( )

where X, 4 denotes the considered sub-series {Xoﬁc+17,Xoﬁc+2,...,Xoﬁ+d} and W, =
S (X off +k — Xoff,d)- With a given value of d several R/S ratios are calculated by sliding
the window size d throughout the X series.

By adding a level shift to the series X, we get the new series denotes by X9, XI5 =
{Xl,XQ, ... 7XLn/2J717XLn/2J7XLn/2J+1 + Krs ,.... X, + KLS}7 where K¢ denotes the
value of the level shift. According to the definition of the R/S ratio we can observe that
this ratio does not change if the data window d does not cover the level shift point. It
is simply due to the fact that the k-th element of X,z 4 is X g1 + C3 where C3 is a
constant. More precisely, C5 = 0 if the data window is placed entirely at the first level
and C3 = Kpg if it stays entirely at the region of the second level. Thus it is seen that
R = max {W;} — min {W;} = max {W; + Cs} — min {W; + Cs}, where i = 1,2,...,d, and
S = /Var [X,g 4] = \/Var [X o ¢ + C3]. Therefore the R/S ratio holds its original value.

The situation is different when the data window d contains the jump of the level shift.
Concern the simple case when the location of the shift is placed at the center of the window:

oL _ ) Xoftk it k < |n/2]
off +k —
i+ Xoﬁ‘+k+KLS if k> |_7”L/2J

where £ = 1,2,...,d and the symbol (*) means that it only relates to those d-windows
mentioned above. As proven in subsection 2.3.1,

2
Kig

Var [X}67] & Var [X o 4] + n

(2.26)

Moreover, for the new series

off ik — | Xoffd + ——

W*LS:i[*LS ( KLsH: W; —i Krg/2 ifi=1,2,...,|d/2]
i 2

k=1

W;—(d—1i) Kpg/2 ifi=|d/2|+1,....d
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Different R/S values are computed by increasing the window size d and moving this window
along the data. There is one window d that contains the shift location at most when d has
a small value. However, the change of only one value of the R/S ratio at a fixed d can be
counted as a noise and it does not change the look of the plot. In contrast when d assumes
a large enough value the following can be justified:

R 55 = max {W; "5} — min {W; 25} = W 15 — W[kd/%f

Kps Kps
= Wi~ Wi + {d/QJTL ~ dTL. (2.27)
Moreover, as d is large,
K? K?
g* LS _  [Var [XZﬁLﬂ ~ \/Var (Xog.d) + TLS R \/Var [Xn] + TLS (2.28)
Therefore,
R * LS d@
(_> ~ 4 =dCy, (2.29)
S 2

where (Y is a constant independent of d. These points create a separate part on the log-log
plot which should be placed closely around a straight line with slope 1. The other large
cluster of points remains at the same place as before adding the level shift and this part of
the R/S plot of LRD data with level shift looks similar to the R/S plot of the original LRD
data.

This result shows that the R/S plot can also be used for detection of level shifts in
the data. Moreover, the linear part with slope 1 in the plot should be disregarded in
the estimation of Hurst parameter of LRD processes. In this way in the cases when this
separation is feasible a reliable estimate of H can be made even in the presence of level
shifts.

2.4 Simulations

Beyond the analytical study the approach is added and completed by simulation examples
which are presented in this Section. A comprehensive LRD test has been carried out with
both synthetic and measured traffic data.

2.4.1 Setup

Reference data sets A sample series of fractional Gaussian noise (fGn) was used as a
reference for data exhibiting LRD. In this generated set the Hurst parameter was set to
be 0.7. The other reference set is generated by Poisson process. In order to make a good
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comparison, these data sets were set to have the same mean and variance of the value 10.
Both data sets have the same size of 32 768 data.

linear trend level shift parabolic trend
level
KLS
1 n/2 n
data samples data samples data samples

Figure 2.1: Types of non-stationarities: linear trend (left), level shift (middle), and parabolic
trend (right). The value of K, (or K1s, Kp) is set to be 5 in each case.

Measured SUNET ATM cell-traffic Some series of ATM cell arrivals obtained from
a real-time traffic measurement on the Swedish University NETwork (SUNET) [39] were
also analyzed. Data traces were collected in 1996 based on a custom-built measurement
tool which is able to record more than 8 million consecutive cell arrivals. The traces of the
number of cell arrivals in a 1 ms time window were considered in LRD tests. The analysis of
these data traces can illustrate the non-stationary effects in LRD estimation of real traffic.

Types of non-stationarities There are two typical classes of non-stationarities observed
in real traffic data: the level shift and the polynomial trends. Three simple cases were
concerned in simulations: level shift with two states, linear trend, and parabolic trend.
These effects were added to both data sets (see Figure 2.1 for the detailed information
of these non-stationarities). Denote by 0.7-FGN the original fGn data, by 0.7-FGN_L the
fGn set with linear trend, by 0.7-FGN_P the one with parabolic trend, and by 0.7-FGN_LS
the one with level shift. The Poisson sets are marked with the same notations: POISS,
POISS_L, POISS_P, POISS_LS. The following table gives more information about these
data sets.

‘ Data sets ‘ K__ ‘ [ ‘ 52 H Data sets ‘ K__ ‘ i ‘ 52 ‘
0.7-FGN - 10 10 POISS - 10 10
0.7-FGN_L ) 12.5 | 11.81 || POISS_L ) 12,5 | 12.19
0.7-FGN_LS | 5 12.5 | 16.02 || POISS.LS | 5 12.5 | 16.35
0.7-FGN_P 5 | 11.66 | 11.89 || POISS_P 5 | 11.71 | 12.33

Table 2.1: The detailed information of investigated data sets ({2 and 6% denote the sample
mean and the sample variance, respectively).

The datagram of these data sets can be seen in Figure 2.2.
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Figure 2.2: The datagrams of the investigated data sets. The 0.7-FGN means m + fGn(c?,
H), where m = 10, 02 = 10, H = 0.7; the POISS means Poissonian samples with A\ = 10

(0?2 = 10).
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Figure 2.3: The variance-time plots. Left: variance-time plots of 0.7-FGN, 0.7-FGN_L,
0.7-FGN_LS, and 0.7-FGN_P. Right: variance-time plots of POISS, POISS_L, POISS_LS,

and POISS_P.
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Figure 2.4: The variance-time plot of the 0.7-FGN_L2 set (K = 2.5, 4 = 11.25,62 = 10.38)

Figure 2.5: The variance-time plot the SUNET ATM data
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2.4.2 Empirical results

Variance-time plot Results of variance-time analysis can be seen in Figure 2.3. The
variance-time plot estimated on the original data sets, 0.7-FGN and POISS, gives the exact
values of Hurst parameter that were expected: H = 0.7 for 0.7-FGN data set and H = 0.5
for POISS one (see Figures 2.3.a and 2.3.b). However, variance-time plot is very sensitive
to the investigated non-stationarities. As seen in Figures 2.3.c, 2.3.d, 2.3.e, 2.3.f, 2.3.g, and
2.3.h, the variance-time plots are all convex curves and a careful observation reveals that no
linear parts are found in these plots. Moreover, comparing 2.3.c with 2.3.d, 2.3.e with 2.3.f,
and 2.3.g with 2.3.h, there are no significant differences between the variance-time plots of
the data sets of the f{Gn with trends and level shift and the Poisson with trends and level
shift, respectively.

The variance-time plots were also analyzed for the 0.7-FGN data set with a smaller
linear trend (the value of K, of this linear trend is 2.5), see Figure 2.4. In this case the plot
of the new series 0.7-FGN_L2 seems to be linear which is tempting to make an estimate but
the estimated value of H is 0.76, which is far from the real value. It means that getting
an estimate from the linear part (at large time-scales) of the variance-time plot (as usually
done in practical analysis) can produce misleading results.

A result of variance-time analysis of the SUNET ATM data, presented in Figure 2.5,
is shown for example. The measured ATM traffic is bursty in nature and although several
pre-processing procedures were done in this trace it is difficult to detect a certain trend.
However, the curve is very similar to those obtained with level shift or trends in Figure 2.3.e
and 2.3.f. As discussed above to avoid misleading results estimation of H cannot be applied
in this case.

These simulation result confirms the analytical results presented in Section 2.3.1 and
2.3.2 and also shows that short-range dependent (SRD) processes with non-stationarities
can produce the same variance-time plot as LRD processes. Moreover, in the case of LRD
processes trends can significantly destroy the accuracy of the estimation of the H parameter.

R/S plot Figure 2.6 shows the results of the R/S tests. The effects of the linear and the
parabolic trend are revealed in the rise of the upper tail of the R/S plots (see Figure 2.6.c,
2.6.d, 2.6.e, and 2.6.f). However, if we extract this part from the plot, the linear rest of the
plot shows the exact slope which is seen in the R/S plot of the original data sets, Figure 2.6.a
and 2.6.b.

The interesting results are found in the plots of data sets with level shift, see Figure 2.6.e
and 2.6.f. On one hand, these plots seem to be constructed from two parts which are
independent of each other. The lower parts look almost like the R/S plot of the original
sets as comparing 2.6.e with 2.6.a and 2.6.f with 2.6.b. On the other hand, the upper parts
are nearly the same in both plots. Thus it is reasonable to assume that the lower parts
belong to the original data sets and the upper parts are due to the level shift. The R/S
analysis is then applied for the level shift only and this assumption seems to be justified.
Figure 2.9, which is the R/S plot of the level shift contains only the upper part. These
results are in good agreement with the analytical investigation presented in Section 2.3.3.



27

log(R/S)
log(R/S)

log(R/S)
log(R/S)

log(R/S)
log(R/S)

log(R/S)
log(R/S)

Figure 2.6: The R/S plots. Left: R/S plots of 0.7-FGN, 0.7-FGN_L, 0.7-FGN_LS, and
0.7-FGN_P. Right: R/S plots of POISS, POISS_L, POISS_LS, and POISS_P.
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Figure 2.7: The R/S plot of the SUNET ATM data series
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Figure 2.8: The R/S plot of the “stationary” subset of the the SUNET ATM data set
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It can be seen that the presence of level shifts can be revealed by R/S plot and the reliable
estimation of H parameter for LRD processes with level shifts are possible if the cluster
produced by the level shift is separable.

3;1 | Levelshiftonly . W
3- | | 0
25+ - - - SR BRI SR
24 - SR S R SR
15+ - - - - SR R
14 S SR SR ]
05+ - SR R e R
0 } : : :
0 1 2 3 4 5
log(d)

log(R/S)

Figure 2.9: The R/S plot of a pure level shift.

An illustrative example from practice of such an effect can be seen in the R/S plot of
the SUNET ATM series (Figure 2.7). The plot contains a breakpoint where the slope of
the curve changes approximately in the middle of the figure. If one tries to estimate H
from the upper part of the plot it will result in a wrong value as we demonstrate it in the
following. Figure 2.8 shows the R/S plot of a subset of the SUNET ATM set. The subset is
gained from the original set after erasing some suspected non-stationary parts of the data
selected by some stationarity analysis [16]. In Figure 2.8 the part of the curve with the
higher slope disappeared and the lower part continues growing nearly as a straight line. An
explanation of this phenomenon is the possible presence of several local level shifts in the
original SUNET ATM data. The result also demonstrates that the important part for LRD
parameter estimation is distorted by level shifts.

Periodogram plot In the frequency domain, adding trend to data produces the increas-
ing of low frequency components. Thus it is not surprising that the rise of the lower tail
of the periodograms under the influence of different trends is observed (see Figure 2.10.c,
2.10.d, 2.10.e, 2.10.f, 2.10.g, and 2.10.h). This affects adversely the periodogram in both
cases (the 0.7-FGN sets and the POISS sets) and the estimation of the Hurst parameter.
Besides, the periodogram plot of the f{Gn with trend can be easily confused with the Poisson
case.

Since the periodogram at low frequencies should be counted for estimation of the Hurst
parameter, the presence of trends in LRD data destroys the testing and estimating capability
of the periodogram plot.
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Figure 2.10: The periodogram plots. Left: periodogram plots of 0.7-FGN, 0.7-FGN_L, 0.7-
FGN_LS, and 0.7-FGN_P. Right: periodogram plots of POISS, POISS_L, POISS_LS, and
POISS_P.
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Figure 2.11: The Logscale diagrams. Left: Logscale diagrams of 0.7-FGN, 0.7-FGN_L, 0.7-
FGN_LS, and 0.7-FGN_P. Right: Logscale diagrams of POISS, POISS_L, POISS_LS, and

POISS_P.



32

Wavelet based estimator The LRD test based on the wavelet transformation (the
Logscale diagram (LD)) is also investigated. As mentioned before, the influence of polyno-
mial trends on this kind of LRD test can be avoided by an adequate choice of the vanishing
moment N of the wavelet function. This empirical work has justified this observation. In
Figure 2.11 we see that the Logscale Diagrams give the robust estimate of the Hurst param-
eter around 0.72 for the 0.7-FGN sets and 0.5 for POISS sets independently of the presence
and of the type of trends. Moreover, the simulation also shows that the LD is still robust
in the presence of level shifts. As seen in Figure 2.11.e and 2.11.f the level shift added to
the 0.7-FGN and the POISS sets slightly changes the result: the estimation of H is 0.72
with confidence interval (0.71, 0.73) for the 0.7-FGN_LS set and 0.5 with confidence interval
(0.49, 0.51) for POISS_LS set.

2.5 Conclusion

Based on both analytical and simulation studies and examples from measured traffic it
has been shown that the presence of different non-stationarities (level shifts, linear and
polynomial trends) in the data can deceive several detecting and estimating methods of
LRD.

These effects result in poor estimates of the Hurst parameter in the case of the variance-
time plot and periodogram. Moreover, the estimated results can be confused with processes
having short-range dependence with non-stationary effects. The suggestion is that the
variance-time plot and the periodogram methods should not be used without a stationarity
analysis.

The wavelet based method (the Logscale diagram) was found to provide a very robust
estimation of H. Its estimation results are almost independent of the presence of the
investigated trends and level shifts. The R/S analysis was also verified to be a robust
estimator of the Hurst parameter of LRD processes. In addition, it was also demonstrated
that the level shift can be detected by the R/S analysis, therefore this method can be well
utilized in stationarity analysis.

The use of the R/S plot and the Logscale diagram for the estimation of Hurst pa-
rameter of LRD processes in the possible presence of the investigated non-stationarities is
recommended.



Chapter 3

Scaling Analysis of IP Traffic
Components

A number of studies, e.g. [46, 19, 47], have reported that aggregated LAN/WAN traffic is
consistent with monoscaling (or self-similarity) at large time scales and multifractal scal-
ing at small time scales. The physical explanations and engineering implications are also
addressed in several papers [18, 47]. However, most of the studies have investigated the
aggregated traffic and only a few papers have examined the nature of traffic components
[5]. We think that the understanding of the characteristics of the individual components
in the aggregation, i.e., a comprehensive analysis of different protocol layers with distinct
traffic components is vital for establishing a correct physical understanding and modeling
methodology.

In this chapter a comprehensive scaling analysis of IP traffic and its components is
presented. The study focuses on the correlation and scaling behavior of IP traffic compo-
nents on both transport and application layers. It is shown that the correlation structure
of the aggregation is mainly determined by the component with the highest variance and
correlations at the investigated time scale. It is also demonstrated that WAN traffic can
exhibit complex multifractal structure even at large time scales. The aim of the study is
to understand the characteristics of the aggregated IP traffic by analyzing its individual
components.

3.1 Structure of the IP traffic

3.1.1 IP traffic measurements

Figure 3.1 presents the traffic measurements setup. A number of LANs located at the Infor-
matics Building of the Budapest University of Technology and Economics are connected to
the outside world by a 100MB FDDI and a 155MB ATM link. These networks are composed
of several Ethernet based LANs which are referred to as Department Groups (DG) and each

33



34

DG consists of about 100 workstations. Connections between DGs and between a DG and
the outer world are guaranteed by an ATM backbone. Ethernet frames are transmitted over
the ATM backbone using LAN emulation. Workstations belong to staff members, Ph.D.
students, and student laboratories using a variety of operating systems and network inter-
faces ranging from 10Base2 (BNC) through 100BaseT (UTP) to 100VGAnyLAN. A traffic
monitoring tool, called Captie [49], captured the IP traffic on the ATM link between DG1
and the switch. The analyzer can monitor the data traffic transmitted over the link and
record different statistics of data flows according to user requests. In the measurements both
the incoming and outgoing traffic of the DG1 have been collected but only the aggregated
incoming IP traffic, which is mainly generated by the WAN environment, is concerned.

DG1 Dg_LT_
(1] |

[l

Ethernet switches

@ "
[n]ajuls]

ooag,

|

analyzer

ATM switch

-

Internet

Figure 3.1: The configuration of the IP traffic measurements

During weekdays of April 1999 statistics of IP and non-IP traffic were continuously
collected in log files every day from 8am to 6pm. The traffic measurements concentrated
on the data volume transferred under IP packets, transport layer protocols such as TCP,
UDP, ICMP, and OSPF, as well as application layer protocols such as HT'TP, FTP, SSH,
and SMTP. Data series representing the traffic measured in bytes per second used in most
of analyzes are gained from these measurements.



35

selected interval for analysis

3eb 1 A IP |
2eb 1 r
1e8 :MMMMM lh‘lilmmmi
0 10000 20000 : 30000
365 TCP |
2ed r
=N IOV O T T T PR T
© 0 10000 20000 : 30000
c
3 3ed UDP |
@ Zed r
© Ted | -
5 a0 wmwmwmmm
< o 10000 20000 : 30000
365 HTTP |
285 r
el Lt bl L leaad Lo d i)
0 10000 20000 : 30000
3ed FTPdat
Zed
124 .L1||J||.|.M1Ui1|u
0 10000 20000 30000

time [s]

Figure 3.2: Traffic intensity of the IP and some higher layer protocols

3.1.2 Overview of the traffic

Figure 3.2 shows the traffic intensity in bytes per second for a typical IP traffic flow and
its main components from the measured traces. Traffic bursts can be observed over the
whole period of the measurement. It can be concluded from Figure 3.2 and from some more
detailed investigations that huge peaks over a short period can occur at any time of the day
so the well-known busy period concept from telephone traffic engineering cannot be applied.
Visual investigation suggests that at the transport layer the TCP data is dominant and its
behavior determines the characteristics of the IP traffic.

Besides the TCP traffic there is a considerable amount of UDP traffic as well but this
sort of traffic is much smoother than the TCP and it does not seem to have any influence on
the nature of the IP traffic. At application layer the HT'TP and the FTPdata traffic take the
main roles (the FTPdata traffic is differentiated from the FTPcontrol traffic because FTP
control messages are transported over the IP network by separate packets) . However, the
behavior of the FTPdata traffic is rather complex since the most of the FTPdata connections
are transferred at low speed but traffic intensity also contains some extremely high jumps
during short periods. The size of these jumps is often 10° —10° times greater than the typical
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FTPdata connection speed. Therefore the empirical autocorrelation function computed
from a finite series with such a peak may give misleading results. In addition, the analysis
of a short time period of the FTPdata traffic (in order to validate the assumption about
stationarity) may not give the complete characteristics of this traffic type.

3.1.3 Bandwidth share

Figure 3.4 and Figure 3.3 present the ratio of different protocols contributing to the overall
load at the transport layer and the application layer, respectively. These results are the
average values of several measurement days.
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Figure 3.3: Bandwidth share of application layer protocols

On the one hand, at the transport layer the majority of data is carried by the TCP
protocol which takes about 90% bandwidth of the whole volume of transferred data. The
rest of the load mainly corresponds to the UDP protocol. The ICMP and OSPF control
messages share only 1-2% of the transport layer traffic volume. On the other hand, based
on the results in Figure 3.3 it can be concluded that among the applications the HTTP and
the FTP traffic are dominant in volume.

3.1.4 Stationarity analysis

An important assumption in traffic modeling is stationarity. However, it is rather difficult
to justify completely this assumption on the investigated data series. The real traffic data
over a longer time period often appear to have local trends, load jumps, cycles, etc., which
are the characteristics of non-stationary processes. As presented in the previous chapter
analysis of traffic data without regard to stationary effects may end in misleading results.
Thus a straightforward approach to overcome this problem is to select time periods where
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Figure 3.4: Bandwidth share of transmission layer protocols

the assumption of stationarity can be accepted, more precisely, where the appearance of
non-stationarity is not detected.

A simple test to detect stationary periods in the data is to slide a window along the
measured data and investigate the variations of the data averages in the windows. The
datagram of this series may give some information about level shift, trends, etc. However,
for bursty data like the measured traffic presented above this method does not provide
appreciable results. To achieve this goal another tool is also applied which is based on the
change point detection method. The main idea of this method is to slide a window along
the data series and then compare the distribution of data samples in two equal halves of
the window. If the two distributions are significantly different then the assumption of the
stationarity covered by the window is rejected. The comparison task of distributions of the
two series with equal size is performed by applying the Kolmogorov-Smirnov test, see more
details in [16].

Based on the stationarity tests several subsets from the whole measured data have been
selected for analysis. The subsets are obtained from time intervals where the IP traffic and
also each component of both transport layer protocol traffic and application layer protocol
traffic can be justified to be stationary.

The next Section presents the analysis of about an hour trace chosen from a collection
of selected series by the stationary test (see the selected part in Figure 3.2).

3.2 Correlation and scaling analysis

In this Section the characteristics of the investigated IP traffic and its components is pre-
sented. First, the study of the correlation structure is shown in details and the question
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how the correlation of the different components produces its effect on the aggregation is dis-
cussed. Second, the long-term scaling is investigated and the LRD test results are presented
and discussed. Third, the detailed scaling of each component of the IP traffic is analyzed.

3.2.1 Correlation structure

There are a number different components with different contribution effects on the corre-
lation structure of the aggregated IP traffic. The identification of the characteristics of the
components which mainly determine the characteristics of the aggregated IP correlation
structure is vital for the understanding of IP traffic structure.

Consider the superposition of a number of independent traffic streams, i.e. A = sz\i 1A
Denote the autocorrelation function and the covariance function of A; by pa, (k) and 4, (k),
respectively. A straightforward calculation shows that v (k) = Zfil 74, (k). Therefore the
autocorrelation function of the aggregated traffic stream is given by

N
1
palk) = 5 3 %o k), (3.1)
Zﬁ\;l Uii ZZ;

where 01242, is the variance of the component traffic volume in the chosen time unit for the

stream i, 0% = Zf;l 0211_.

As k — oo the autocorrelations of short-range dependent (SRD) streams vanish rapidly
and the autocorrelations of LRD streams decay asymptotically as k=%, 3 = 2 — 2H (see
details in Section 1.1). The autocorrelation of A is determined by the LRD stream which
decays at the lowest rate, i.e. pa(k) ~ k~™n08i  Therefore the LRD stream with the
highest H parameter will dominate and the aggregation will be LRD with this parameter.
However, in practice the correlation lag k can be only investigated for large values instead
of infinity. In this case the variance of the streams should also be considered because the
variance is the weight in the sum in Eq. (3.1). Consequently, it may happen that there
is a stream with a faster decaying autocorrelation function but with a high variance and
this stream will dominate in the autocorrelation function of the aggregated traffic stream
on the investigated time scale. Moreover, it also follows from Eq. (3.1) that the volume of
traffic has no influence, so a small fraction of traffic with high variance and slowly decaying
autocorrelation can determine the autocorrelation of the whole aggregation.

The properties discussed above can be observed in the analysis of the measured IP traffic.
The sample autocorrelation functions of different measured traffic flows are presented in
Figure 3.5. In the evaluation of these functions (and especially investigating correlation
coefficients at large lags) it is observed that the correlation coefficients often have small
values. In these cases one has to take care of the confidence interval which can be roughly
estimated by the +2/4/n rule corresponding to significance 0.05. In this analysis case 3600
samples were used which give about 0.03 for this confidence interval. A slow decay can
be observed in correlation of the IP traffic which indicates a possible presence of LRD.
The transport layer protocols, TCP, UDP, ICMP, and OSPF, work above the IP layer
so the IP traffic is the aggregation of these flows. Among these components the TCP
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Figure 3.5: Correlation structure of IP traffic and its components
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traffic takes the dominant role since the form of its correlation absolutely determines the
correlation structure of the IP. This is so because the TCP series has sample variance which
is much greater than that of the other transport traffic series (see in Table 3.1). This
observation is in accordance with Eq. (3.1) and the discussions above. Note that TCP has a
significant impact on the correlation structure of the IP aggregation because it has the highest
variability on the investigated time scale and not because it has the highest bandwidth share
in the IP aggregation. Besides the TCP a possible long-term decay of the UDP was also
observed. The ICMP and the OSPF seem to be SRD. However, the final conclusions about
correlation structure are stated just after detailed investigations of LRD presented in the
next subsection.

At the application layer traffic carried by the HT'TP, FTP, SMTP, and the Telnet proto-
cols is considered. All of these traffic flows are components of the TCP traffic aggregation.
Figure 3.5 shows that the autocorrelation functions of HT'TP, FTPdata, FTPcontrol, and
Telnet all seem to have a long-term decay. Moreover, it is also seen that the correlation
structure of the TCP inherits the form of the correlation structure of HT'TP traffic in spite
of the fact that the FTPdata appears to have stronger correlation and slower decay. By in-
vestigating the sample variance of these components in Table 3.1 it is found that the HTTP
traffic has the greatest variance value, which is at least 60 times greater than the variances
of the other traffic flows and this is the reason for its dominance to form the autocorrelation
of the TCP aggregation. Note again that HTTP is the dominant protocol to influence the
correlation structure of the TCP aggregation because its high variability on the investigated
time scale. Of course, the correlation structures of these protocols are the results of the
interactions between these protocols. For example, the correlation structure of TCP is the
joint result of the contributing protocols (mainly HTTP) and the TCP mechanism rather
than simply the “HTTP forms the correlation structure of TCP”.

3.2.2 Long-range dependence analysis

In this study the variance-time plot, the R/S analysis, and the periodogram plot were used
for LRD testing and estimation. The results are verified by the Logscale Diagram based on
the wavelet transform (see more details in Section 2.1).

Results of the LRD analysis are summarized in Table 3.1. It should be noted that
traffic volumes of the transport layer protocols and of the application layer protocols are
compared to the IP and the TCP volume, respectively. The LRD behavior of the IP traffic
is determined by the TCP traffic because it has both the largest Hurst parameter and
variance among the transport protocols. This finding is in accordance with the discussions
in the previous subsection. In the case of general protocols used for network control (ICMP
and OSPF) the LRD tests failed. Considering also their correlation structure shown in
Figure 3.5 it can be concluded that they are in the class of SRD traffic. UDP was found to
be LRD but with smaller variance and Hurst parameter compared to TCP.

In the application layer traffic the HT'TP is dominant to form the LRD characteristics
of the TCP traffic in spite of the fact that the FTPdata has larger Hurst parameter (see
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Traffic type ‘ volume ‘ variance (.10°) ‘ VT plot ‘ R/S ‘ Per. ‘ corr. struct. ‘

1P 100% 1951.4 0.72 0.73 | 0.75 | LRD H=0.73
TCP 88.5% 1946.6 0.72 0.73 | 0.75 | LRD H=0.73
UDP 8.87% 4.3 0.67 0.68 0.7 | LRD H=0.68
OSPF 0.88% 2.1 - - - SRD

ICMP 1.68% 2.9 0.63 - - SRD

TCP 100% 1946.6 0.72 0.73 | 0.75 | LRD H=0.73
HTTP 47.64% 800.4 0.72 0.74 | 0.72 | LRD H=0.73
FTPdata 12.29% 14.6 0.85 0.78 | 0.86 | LRD H=0.85
FTPcontrol 0.26% 0.004 0.72 - 0.74 | LRD H=0.72 (!)
SMTP 1.69% 5.8 - - - SRD

Telnet 1.99% 1.5 0.7 - - SRD

Others 36.13%

Table 3.1: Summary of the LRD analysis of the IP based protocols

Table 3.1). As discussed above this is due to the fact that HT'TP has a significantly larger
variance compared to FTP. Note that some other analyzed FTPdata subsets do not exhibit
LRD properties so a general conclusion about the correlation structure of this traffic type
is carefully avoided. It has been found that the SMTP is SRD. Concerning the Telnet data
series the comprehensive analysis has shown that this traffic is SRD in opposition to the
LRD suggestion of the variance-time plot test. In the case of the FTPcontrol the LRD
analysis indicates the presence of LRD with H = 0.72. By analyzing the datagram of this
series it was found that the occurred long-term dependence is caused by the periodicity in
control messages sending. Beyond that, the FTP control messages take only a negligible
amount of the whole traffic with small variance. Therefore from a traffic engineering point
of view the presence of this flow can be disregarded.

3.2.3 Scaling analysis

Tests of scaling properties

There are two simple methods for estimation of the scaling function 7(g) which can be found
in fractal modeling literature!. The first one is based on the absolute moments of the process

and it calculates 7(q) directly from the raw data. For a time series X = {X;,i =1,2,...,n}
the so-called partition function S™(q) can be given by
[n/m)] )
m
s™a) =Y 1z, (3.2)
k=1

Tt is more correct to call these methods as scaling tests because they are concentrated in estimation
of only the scaling function. However, as presented in Def. 1.3.1 the full description of multifractality also
consists of the moment factor ¢(q).
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Traffic type ‘ volume ‘ scaling structure

IP 100% | multifractal
TCP 88.5% | multifractal
UDP 8.87% | none

OSPF 0.88% | none

ICMP 1.68% | none

TCP 100%

HTTP 47.64% | multifractal
FTPdata 12.29% | monofractal h = 0.74
SMTP 1.69% | none

Telnet 1.99% | none
Others 36.13%

Table 3.2: Summary of the scaling analysis of the IP based protocols

where Z,gm) = > Xkm—m+i- It is easy to derive from the definition of multifractal-
ity (Def. 1.3.1) that the logarithm of S™(q) scales linearly with the logarithm of m, i.e.
log S™(q) = 7(q)logm + c1(q). Thus a process is tested to have scaling properties if the
plot of log S™(q) against logm is a linear line for different values of q. The scaling function
7(q) is then calculated from the slopes of these lines [44].

The second method also shares the same principle as the first one but it differs consid-
ering that the calculation is done in the wavelet domain of the process. Denote the discrete
wavelet transform representations (wavelet coefficients) of the series X of size n at scaling
level j by dx(j, k), k = 1,2,...,n;, where n; = 27In. The ¢*"-order Logscale Diagram
(q-LD) is the defined by the log-linear graph of the moment 11j(q) = 1/n; > 2, |dx (j, k)|
against the octave j. Linearity of the q-LDs at different moment order g suggests the scal-
ing property of the series, i.e. logy uj(q) = ja(q) + c2(q) where a(q) is called the scaling
exponent and cy(q) is a constant [2]. Note that the scaling function 7(¢q) can be given by
the re-transformation of a(q).

Analysis results

In this analysis study both the partial function method and the wavelet-based method were
used. It was found that in some cases multifractal scaling is more convincing without sub-
tracting the mean from the time series because the centered data has several disadvantages,
see [46]. The scaling analysis was performed both with and without subtracting the mean
but no significant differences were found in the results. The results presented here are
related to the centered data because it is the case when there are hopes to find possible
self-similar scaling [51]. A summary of the scaling analysis results are shown in Table 3.2.
The results for the IP data series are presented in Figure 3.6. Concerning the LD of
moment order ¢ = 2 in Figure 3.6(a) a nearly linear interval of the LD plot at octaves
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1 < j < 5 can be observed?. The larger values of j were not considered because of the
limited size of the data set and also because the set of the wavelet coefficients at large
scaling levels contains only a few values, which cannot give a reliable approximation. (These
considerations are also taken into account in scaling analysis of other flows.) A linear
regression to the interval gives an estimation of LRD parameter H = 0.76 with confidence
interval (0.73,0.8). The result deviates slightly from estimates of H provided by other LRD
tests in Table 3.1 but the confidence interval still includes those values.

0.6

IP scaling exponent

a1l IP Logscale Diagram
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Figure 3.6: Scaling analysis results of the IP traffic

LDs of the IP traffic computed at different ¢ provide the estimation of the scaling
exponent a(q) presented in Figure 3.6(b). The non-linear curve of the scaling function
suggests that IP traffic has a multifractal structure on these time scales. The re-normalized
partition functions of the IP traffic are depicted in Figure 3.6(c). (Re-normalization was
performed in order to have the same intercepts of the curves for all ¢.) The estimation
of the scaling function 7(¢) in Figure 3.6(d) based on the partition functions shown in
Figure 3.6(c) also confirms these findings concerning multifractal scaling.

?In this LD plot an improved estimation was used (y; = log ; +g; ) with a correcting factor g; described
in [2]
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In investigation of data series at the transport layer protocols the scaling analysis showed
that although the UDP traffic may have LRD property as discussed but the scaling tests
of UDP failed. It has been found that the OSPF and the ICMP traffic flows also do not
have scaling structure. In the case of the TCP traffic it can be observed that its scaling
structure is similar to the scaling structure of the IP traffic. The estimated a(q) and 7(q)
shown in Figure 3.7 rather resemble these functions of the IP traffic. It can be concluded
that the TCP traffic also exhibits multifractal scaling.

06 TCP sceling exponent 0.8 TCP scaling function
‘ ‘ ‘ ‘ ‘ 0.6 | ‘ ‘ ‘ ‘
05 | 04 -
€04~ g 0'2:
03 - -0.2 7
‘ ‘ ‘ ‘ ‘ -04 -
0.2 i i i i i -0.6
0 05 1 15 2 25 3 0
N=5,j=1.5, ¢=0.5:0.25:2.5 |q q
(€Y (b)

Figure 3.7: Scaling analysis results of the TCP traffic

The scaling structure of application layer protocols was also analyzed. The analysis re-
sults of the HTTP can be seen in Figure 3.8. Both the scaling exponent «(q) and the scaling
function 7(¢) have convex curves which suggest the presence of multifractality. Moreover,
the estimated 7(q) is nearly the same as in the case of the IP and the TCP traffic. Analysis
results of the FTPdata are shown in Figure 3.9. It can be seen that both the scaling ex-
ponent a(q) and the scaling function 7(g) are linear functions of ¢. Therefore, the selected
FTPdata set reveals clear evidence of monofractality. However, according to the earlier
discussions, the identified monofractal structure is not the general conclusion about the
characteristics of the traffic carried by the FTP protocol. Finally, it was also found the
SMTP and the Telnet traffic do not exhibit a scaling structure.

These results confirm the results presented in [19, 18, 22] showing that WAN traffic is
LRD. However, these findings are also complemented by demonstrating that WAN traffic
can exhibit a complex multifractal structure not only at small but also at large time scales.
This result questions some explanations arguing that self-similarity at large time scales
is due to the additive property of aggregated traffic streams and multifractal phenomena
at small time scales are mainly caused by the hierarchical structure of TCP/IP protocols
[46, 47]. A possible answer for this problem is that the traffic aggregation of not so many
sources still inherits the scaling structure observed at small time scales. However, more
accurate explanation should be found for the large scale multiscaling behavior of the traffic.

In addition, the analysis revealed that the aggregation is composed of components with
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Figure 3.8: Scaling analysis results of the HT'TP traffic
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Figure 3.9: Scaling analysis results of the FTPdata traffic

very different scaling behavior (no scaling, multifractal scaling, monofractal scaling). The
typical data traffic do not have permanent scaling characteristics like self-similarity or mul-
tifractal. The actual fractal property depends on where and when the traffic is observed.
Therefore modifications and developments to guaranties the quality of data transmission in
the networks should be elaborated to avoid doing blind applications with useless results.

3.3 Conclusion

In this chapter a complete scaling study of a wide range of IP traffic measurements has
been presented. It has been found that the IP traffic is bursty during the whole day and
sometimes it also contains extremely high traffic peaks over a short time period. These
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observations are questioning the concept of busy period in case of this kind of IP traffic.

A stationarity analysis has been carried out prior to the correlation and scaling studies.
A time period of the IP traffic, in which the aggregated IP traffic and all of its analyzed
components at both transport and application layers can be considered to be stationary, is
then selected.

The impacts of different characteristics of the correlation structures of the components
on the correlation structure of the aggregation has been investigated. It was found that the
ruling impact is due to the component which has the highest variance and also significant
correlations on the investigated time scale. Among the transport layer and the application
layer protocols the TCP and the HT'TP were found to have these properties, respectively,
which is the main reason (and not the high bandwidth share!) of the dominance of these
protocols.

At the transport layer both TCP and UDP exhibit LRD but only the TCP has detectable
multifractal structure. Other protocols at this layer were found to be SRD with no scaling
properties.

At the application layer both HTTP and FTP have LRD properties. Multifractal and
monofractal scaling have been identified for HT'TP and FTP, respectively. However, it was
observed that the scaling of FTP traffic is not a general characteristics.

It can be concluded that the investigated IP traffic is a LRD aggregate of components
with different scaling properties resulting in a complex multifractal structure for the aggre-
gated WAN traffic even at large time scales.



Chapter 4

Queuing Performance Estimation
for General Multifractal Trafhic

Queuing performance evaluation is an essential issue of network dimensioning and resources
management. With the finding of the fractal nature in network traffic queuing analysis of
fractal traffic input becomes a challenge in queuing theory. Several important results have
been published so far [57, 6, 53, 23, 35], but most of the results are restricted to self-similar
traffic types. A group of studies has proven that the fBm based models have a tail queue
distribution that decays asymptotically like a Weibullian law [42, 14]. This important result
shows that queues with fBm input have a much slower decay than that of the exponential.
However, these approaches are based on Gaussian property of the input process and cannot
be extended to other processes with scaling properties. In addition, there are only few
queuing results available in the cases when traffic has more complex scaling behavior [45].

The objective of this study is to contribute to the queuing theory of multifractal queues
and also to the traffic engineering implications. In this chapter an approximation for the tail
asymptotics in an infinite capacity single server queue serviced at a constant rate driven by
general multifractal input process is presented. It is shown that in the special and important
case of the monofractal fractional Brownian motion (fBm) input traffic the result gives the
well-known Weibullian tail. It is also proved that the class of Gaussian processes with
scaling properties is in the class of monofractal processes and the related characterization
functions are derived. The queuing formula in the case of Gaussian input processes gives
a queuing result which is in good agreement with the theory of Gaussian processes. A
new practical method for queuing performance estimation of general multifractal traffic is
provided applying the approximation. The validation of the method based on both analysis
of simulations and measured network traffic have also been presented.

47
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4.1 Queuing model

Consider a simple queuing model: a single server queue in continuous time, the serving
principle for offered work is defined to be FIFO (First In, First Out), the queue has infinite
buffer and constant service rate s. Denote by X (¢) the total size of work arriving to the
queue from time instant —t¢ in the past up to this moment, time instant 0. The so called
workload process W (t) is the total amount of work stored in the buffer in time interval
(—t,0), ie.,

Wi(t) = X(t) — st (4.1)

However, the current buffer length of the queue, denoted by @, is of interest. This is
the queue length in the equilibrium state of the queue when the system has been running
for a long time and the initial queue length has no influence. If this state of the system
does exist, i.e., stationarity and ergodicity of the workload process hold, and the stability
condition for the system is also satisfied, i.e., limsup, E[X (¢)]/t < s, then:

Q =sup W(t), (4.2)
t>0

where W (0) is assumed to be 0. This equation is also referred to as Lindley’s equation.

The input arrival process X (t) is considered as a generally defined multifractal process
presented in chapter 1 Def. 1.3.1, i.e., E[|X(#)|9] = ¢(q)t™@*!. For the sake of simplicity
the notion 79(q) = 7(q) + 1 is used later and it is also called the scaling function. The
definition presents multifractal processes in terms of moments which leads to a more intuitive
understanding of multifractality. In addition, it is the definition which describes multifractal
in a complete way for possible analytical study of queuing systems.

4.2 Approximation for queue tail probabilities

The main proposition is now stated:

Proposition 4.2.1. The probabilities for the queue tail asymptotic of a single queuing model

with general multifractal input is accurately approximated by:

{bfoi(q)ro(q)
log(P[Q > b)) ~ min log { ¢(g) =)

q>0 |: bq ]q ’
q—70(q)

where 19(q) := 7(q) + 1. The scaling function 7(q) and c(q) are the functions which define

b large (4.3)

the multifractal input process.
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Proof
Using Lindley’s equation the tail probabilities of queue length can be rewritten of the form:
P[Q > b] = Plsup;>o W(t) > b]. First consider the quantity P[W(t) > b]:

Replacing W (t) by Eq. (4.1) we have

P[W(t) > b = P[X(t)— st>b]

< P[X(t)] > b+ st] (4.4)
= P[X@®)|? > (b+ st)d], for arbitrary ¢ > 0
E[X(@®)1] y - .
< ( b st)i’ using Markov’s inequality. (4.5)
s
Since the input process is multifractal defined by Def. 1.3.1 then:

C(q)tTO(Q)

PW(t) >b —

WO >0 < G s

c(q)t™@

= PW({it) >0t < - = t). 4.6
RO =8 = e e = 0

By straightforward calculation it is easy to see that that derivative of f(t) equals zero when
b1o(q)
slg = 7o(q)]

The second derivative of f(t) at this point is

tg = > 0.

F"(to) = elg)ty @ (b + sto) " s[ro(g) — ¢ < 0,

thus f(t) has its maximal value at t = ty3. Note that ¢ > 79(¢q) was assumed, this is justified
by the fact that in the monofractal case 19(¢) = ¢H < ¢ and by the concavity of 7(q).
Therefore

[ty
sup P[W(t) > b] sup f(t) (q)%
>0 >0 .
{q_TO(Q)]
[L@)]W
= log <supP[W(t) > b]) < log c(q)% ’
= =l
q—70(a)
2w ] ()
min log c(q)%
q>0 [L] q
a—7o(a)
For a large class of stochastic processes (including fBm) the following limit holds [26]:

log(P[Q > b])
b—oo log(sup;>q P[W(t) > b))

IN

for arbitrary ¢ > 0

= log (stlZlgP[W(t) > b])

IN

(4.7)

= 1. (4.8)
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In addition,
log(P[Q > b]) > log(sup P[W(t) > b)), (4.9)
>0
then the right-hand side of Eq. (4.7) is a upper bound of a lower bound on log(P[Q > b]).
The used inequalities in Eq. (4.9) and Eq. (4.5) become tight for finite large b. Thus the
approximation for the queue tail asymptotics is the following:

|: (bTo(q()))]TO(q)
log(P[Q > b)) ~ rgglog C(Q)% )
|:CI*TO(CI)i|

b large.

O

For positive multifractal processes, i.e. X(t) > 0, Eq. (4.4) is an equality. In addition,
the approximation in Eq. (4.9) and the inequality in Eq. (4.5) turn to be more accurate
approximations as b tends to infinity. Thus the presented approximation is supposed to be
asymptotically tight. The tightness and accuracy of the approximation is also experimen-
tally investigated later in Section 4.3.4 and Section 4.4.

Considering the formula in Eq. (4.3) it can be seen that it has an implicit form and
only the given form of the functions ¢(q) and 79(q) can provide the final result. The reason
behind this is that the definition for the class of multifractal processes gives no restrictions
for the functions ¢(q) and 7(q) (beyond that 79(q) is concave). The conjecture is that
the analysis of queuing systems with general multifractal input may produce some similar
general results. It means that there is no general queuing behavior for these systems as the
Weibullian decay in the case of Gaussian self-similar processes [42]. An actual multifractal
model will determine, for example, the queue length probabilities of the system.

4.3 Applications

4.3.1 Fractional Brownian motion

As a simple application, first consider a monofractal Gaussian process, called fractional
Brownian motion (fBm) . The fBm is self-similar which is a simple case of monofractality
and it is also Gaussian. The increment process of fBm is called fractional Gaussian noise
(fGn). Queuing analysis of a single queue with fBm input is first presented by Norros
[42] which showed the Weibullian decay for the asymptotic tail behavior, i.e., P[X > 2] ~
exp(—vyz®) with f < 1. This result is also justified by Large Deviation techniques in
[14]. Applying this input process model to the queuing formula should show its use and
robustness when comparing to these available results.

First it can be proven that any Gaussian process with scaling property is in the class of
monofractal processes. Furthermore the following lemma also gives the explicit forms for

7(q) and ¢(q).
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Lemma 4.3.1. A Gaussian process with scaling property is monofractal with parameters

(@) = Fr@)+1]-1
c(2)]9/2
clg) = ZCIr (o),
where I'(-) denotes the Gamma function, I'(z) = +°O r* lexp~®dwz, z > 0.

The proof of this Lemma is provided in Appendix A.1.
Turning back to the fBm case with ¢(2) =1 and 7(2) = 2H — 1 where H is referred to
as the Hurst parameter, we have

m(q) = qH -1
clq) = % (%)

Insert these two functions into our formula in Eq. (4.3) we get

log(P[Q > b]) ~ 1 i
0g(P[Q > b]) ~log | min § —=

qH
2q/2F <q;r 1> (%L =: log(min g(q)).
(ﬁ) q>o

The minimum value of the g(g) for ¢ > 0 function can be easily determined by taking its
derivatives. The result is the following;:

log(P[Q > b)) ~ log(min g(q)) = 1og(}1;{$pm§[§ff}2> — 10a(Typm(H,5,1)), (4.10)

where K = K(H,s,b) = $p20-H)s2H(1 — [)~20-H) g=2H 'y (.) is the digamma function,
U(z) = % log'(z) = 1;,(;)), and ¥1(-) denotes the inverse function of W(-).

The T¢pm(H,s,b) function is quite complex with the presence of Gamma, digamma,
and its inverse function. However, there is an accurate approximation of Typy, (H, s,b):

Proposition 4.3.2. The approzimation

( L (log z) )
Tm ~ exp(—x) (4.11)

holds for large x, x > 0.

The proof and the precise sense of this approximation can be found in Appendix A.2.
Applying this approximation it is found that the queue tail for the fBm case satisfies:

1
log (Ttpm(H, 5,b)) ~ —§b2(1’H )2 (1 — py20-H =20 plarge. (4.12)
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Figure 4.1: By setting fixed values for Figure 4.2: Our approximation compared
H and s, the line in the log-log plot of to the Large Deviation technique result:
—log Tpm(b) versus b clearly shows the the two plots almost coincide for all values
Weibullian decay for Typ,, (H,s,b). of queue size.

Eq. (4.12) shows the Weibullian decay of this queue which was first recognized and proven
by Norros [42]. Numerical evaluations of the result are presented in Fig. 4.1 and Fig. 4.2. In
Fig. 4.1 the values of H and s were fixed, then the queue tail approximation T g, (H,s,b)
versus the queue size b was calculated and plotted in the log-log scale. The linearity of the
plot also demonstrates the Weibullian decay.

Now compare this result to the result obtained by Duffield and O’Connell. The asymp-
totic formula for queue tail probabilities provided by Large Deviation technique presented
in [14] is

2
lim 6=20-H) 10g P[Q > b] = — inf 20~ € 8)
b—o0 c>0 2

1
& logP[Q > b] — —§b2(1*H)52H(1 —H) g2l ash 00, (4.13)

where s also denotes the service rate. Therefore it can be concluded that the approximation
yields the Large Deviation result, see Eq. (4.12) and Eq. (4.13). The two results are depicted
in Fig. 4.2 and it can be observed that the plots almost coincide for all calculated values of
the queue size.

The conclusions can be summarized in two main points: (i) the asymptotic tail approx-
imation for the case of fBm has Weibullian decay; (ii) this result is also consistent with the
formula presented by Norros [42] and by Duffield et al. with Large Deviation technique
[14].

4.3.2 Gaussian input process with independent, stationary increments

In the case of a Gaussian input model {Z(t),t > 0} with independent, stationary increments
(Brownian motion) the following equation holds for its variance: of = E[|Z(t)[]*] = ot
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Then the similar calculation as in the proof of Lemma 4.3.1 shows that:

9 2 Q/21‘\ q+1
E[Z(t)1] = (20°)7 T ) jar, (4.14)
NS
which means that the concerned Gaussian input model also satisfies the general definition
of multifractality with

(@) = ¢/2-1
2 a/2
clq) = %F(%)

Thus the approximation formula can also be applied for this case. The same minimization
procedure for this process shows that

2ib)*f1/2 -1 2sb
) g+1 1 T (v (log(32)))
log(P ~ 1 g T =1 - o
og(P[Q > b)) o8 | WU Jr ( 2 ) o8 \/7?(2_321))\11*1(1%(%))—1/2
2sb
_ :log(TGaussmn(az,s,b))%—0—82 (4.15)

The result is also in agreement with the queuing formula provided in the theory of
Gaussian processes [38].

4.3.3 Practical solutions

The practical use of the formula is now presented. Assume that we are interested in the
behavior of the tail of the steady-state buffer occupancy (queue length) distribution at a
specific multiplexer in a traffic network. The first step should be the fine resolution mea-
surements of the input process. Assume that the input process exhibits multifractal scaling
properties. Then the scaling function 7(¢) and the function ¢(gq) can be estimated from the
collected data for some available parameters ¢ > 0. The importance of the function c(q)
should be emphasized as the quantity factor of multifractal processes which is sometimes
neglected in a number of studies dealing with multiscaling properties of the high-speed net-
work traffic. The scaling function T(q) defines only the quality of multiscaling and it is not
enough for the description of a multifractal model and therefore for the analysis of queuing
models with multifractal input processes.

Now two practical methods for the approximation of the queue tail distribution are
suggested:

1. Given the service rate s and the two sets {c(q)} and {7(q)}, using Eq. (4.3) the
approximation of log(P[@Q > b]) can be computed for each value of b. This method is
very simple but it is the more useful from network planning and capacity dimensioning
point of view since we are only interested in some values of the tail probabilities. The
practical use of this method is mainly focused in this study.



o4

2. The input process is fitted to a multifractal model. The two measured sets of ¢(q)
and 7(q) are fitted by ¢é(q) and 7(g). Then the analysis of the Eq. (4.3) with these
functions can result in simple closed form of the queue tail probabilities. This method
is used in the study of the queue tail behavior of a multifractal model. It seems to
be obvious to apply this method. However, characteristic functions of multiscaling
processes are often complex, thus it is difficult to give a closed queuing form for these
cases. The more details on this topic is in focus of future work.

4.3.4 Simulation evaluation of the approximation

For simulation validation of the presented approximation for queuing performance estima-
tion a queuing model with the simplest multifractal input was considered: the multiplicative
cascades. The detailed construction of this multifractal model is presented in the next chap-
ter, Section 5.1.

— beta(20,20) mf. sim.
—o0— beta(20,20) mf. est.

log[P(Q>b)]

097 Qg P uniform mf. sim.
: —a— uniform mf. est.
12 - SN D IR S
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s=15N=20
'1.8 T T T T 1
0 2000 4000 6000 8000 10000

b

Figure 4.3: Comparison of simulated queue tail probabilities and their theoretical values.

Synthetic data series of length 2!V of this multiplicative multifractal were used in queuing
evaluation of the method. After rescaling the multifractal model of unit mean and time has
the following characteristic functions:

To(q) = —logyE[rf]
C(q) — 2N(q770 (q))

Two multifractals were simulated which are differentiated by the chosen distribution of
the multiplier 7: uniform and symmetric §(«, «) distribution. In the case of S-multiplier
a multifractal example with @ = 20 is chosen for simulation. The queuing simulations
are compared to the numerical calculation of the formula in a simple queuing system with
a single server, constant service rate, infinite buffer, and FIFO serving principle. The



95

numerical calculation method is discussed in the previous subsection (see more details of
this estimation method in the next section). The results are presented in Figure 4.3.

[(a)l'(20+q)
T(a+q)T'(2a)
multiplier and g-multiplier, respectively. With given values of these functions the tail
probabilities of the system can be numerical counted using the queuing formula. As seen in
the figure the theoretical queue tail probabilities are really close to the simulation results.

This shows that the suggested queuing estimation method can be effectively used in practice.

Note that the scaling function 79(q) is logy(¢ + 1) and log, ( ) for uniform

4.3.5 The impacts of multifractality

As discussed, the tail behavior of a queuing system depends on both the scaling function
and the moment factor of the multifractal traffic input. Applying the estimation method
presented above this section shows a deeper study on these effects through some typical
numerical examples.

Multifractal versus monofractal

Consider a multiplicative multifractal process with symmetric Beta(«, o) distributed mul-
tiplier (see details in the next chapter, Section 5.1). For this multifractal the characteristic
functions can be exactly calculated at a certain cascade level. The scaling function of a
multiplicative cascade example with @ = 15, level N = 20 is presented in Figure 4.4. As-
sume that there exists a (mono)fractal process with exactly the same moment factor ¢(q)
as of the mentioned multifractal but it has the uniscaling fractal structure 79(q) = ¢H (also
see in Figure 4.4 with H = 0.8 and H = 0.9).

With the knowledge of the characteristic functions of these scaling processes the esti-
mation for the tail probabilities of the queue system can be calculated for large queue sizes
(the service rate is set to be s = 2.0) by using the numerical method. The results are pre-
sented in Figure 4.5. It can be observed that the approximated queue tail probabilities of
the multifractal case are noticeably greater than the monofractal cases. This result clearly
indicates that in the same queuing environment, with the same moment function for the
input process increments, and with the scaling functions are not far from each others in
“value” (see Figure 4.4), the queuing behavior of the multifractal case is considerably worse
than of the monofractal case.

The impact of the moment factor

The impacts of the moment factor of the multifractal input process were also examined with
the similar consideration. Given a known scaling process fBm with 79(q¢) = ¢H, H = 0.8 and

c(q) = %F (%) Some modifications on the moment factor were made, thus create a new

theoretical scaling process with only differences in the absolute moments of the increments.
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Figure 4.5: Queue tail approximation of the examined fractal processes.
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Figure 4.7: Queue tail approximation of the examined fractal processes.
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Assume the following fractal process with the characteristic functions:

T(¢) = qH, H =08
22r (14) it 0<g<?2
- <g<
g = ¢ V7 o\? .
a(lqg—2)(g+0b) if  ¢>2

Denote the process with the setting {a = 0.037,b = 15.51} and {a = 0.031,b = 15.51}
up-mod and down-mod, respectively. With these modifications the concerned process in-
crements have the same moments up to the moment order ¢ = 2, thus they have the same
mean and variance. The difference between the moment factors is seen in Figure 4.6.

In the performance study of these processes presented in Figure 4.7 the effects of these
slight modifications of the moment factor can be clearly noticed. The change of higher order
moments has a strong impact on the queuing behavior of the process. The up-mod scaling
process gives rise to the worse queuing performance and the down-mod process courses the
better behavior in the same system setting as compared to of the original fBm process.

In summary, although one should deal carefully with the presented results because they
are based on queuing performance approximation it can be concluded that in general the
monofractal processes have a better queue behavior as compared to of the multifractals
and the moment factor also exerts influence on the queuing performance. These important
observations should be considered in traffic modeling and queuing study of the scaling
processes.

4.4 Practical case study

In this section the validation for the mentioned practical solution presented above is shown
by the queuing analysis of some real traffic traces. A simple modification of the absolute
moment based method is also presented for estimation of multiscaling functions ¢(¢q) and

7(q).

4.4.1 Data traces

Three data traces were considered in the analysis which are freely available at the Internet
Traffic Archive [1]. These traces contain an hour’s worth of all wide-area traffic each between
Digital Equipment Corporation and the rest of the world. The traces, denoted by DEC-
PKT-1, DEC-PKT-2, and DEC-PKT-3, were gathered at Digital’s primary Internet access
point, which is an Ethernet DMZ network operated by Digital’s Palo Alto research groups.
The raw traces were made using tcpdump on a DEC Alpha running Digital’s OSF /1 oper-
ating system, which includes a kernel filter with capabilities comparable to those of BPF.
Tcpdump captured all IP packet header information with millisecond precision timestamps.
Each trace contains more than 3 million packet headers.
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‘ Data set ‘ Number of arrivals ‘ Mean ‘ Variance ‘
DEC-PKT-1 | 3 027 907 2.5232 | 4.4153
DEC-PKT-2 | 3 987 942 3.3234 | 5.2416
DEC-PKT-3 | 4 518 090 3.7652 | 5.9968

Table 4.1: Summary of the investigated data sets.

The packet arrival counts traces of time sample of 3 milliseconds were constructed from
the raw data. Preliminary analysis of these traces exhibits scaling properties, therefore they
were used as the inputs for the queuing system under investigation.

4.4.2 Modified method for estimation of multifractal functions

The full description of a multifractal model consists of both the scaling function 7(¢) and
the moment factor ¢(¢). The estimation method based on the absolute moments (details
are shown in chapter 3, Section 3.2.3) provides a simple way for testing of scaling properties
and also for the estimation of the scaling function. However, the moment factor is also
needed for analysis, thus the following modification is introduced for this goal.

-
-

log(E[1Z™[)

_____________ logle(@)______.

0 Iog(m)V

Figure 4.8: A simple method for scaling test and the estimation of ¢(q) and the scaling
function 7(q).

The definition of multifractal processes (Def. 1.3.1) claims the stationarity condition for
the increments. Therefore it is easy to verify the following relation for the moments of the
increments:

B [IZ4907] = c(g) (a0 @+ = c(g)(A)™@,  q>0, (4.16)

where Z(21) denotes the increment process of time sample At. Thus this equality also holds
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form=1,2,...

B[|2070)] = c(g)(mAN™@, >0 (4.17)
Choose At as the time unit, then
log E [|Z(m)|q} = 10(q) log m + log ¢(q), g > 0. (4.18)
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Figure 4.9: Analysis results of the DEC-PKT-1 data set: (a) the plots of the absolute
moments, (b) and (c) estimated form of 79(q) and ¢(q), respectively, (d) queuing simulation
compared with the theoretical approximation.

Based on this property, the method is the following: Given a data series of a process
increments 71, Zs, ..., Z, and define its corresponding real aggregated sequence {Z (m)} of
the aggregation level m by

2 = Zge w1 + Do tymiz + -+ Zomy kym=1,2,... (4.19)

If the sequence {Z;} has scaling property then the plot of absolute moments E[|Z(™|9]
versus m on a log-log plot should be a straight line due to Eq. (4.18). The slope of the
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straight line provides the estimate of 79(¢) and the intercept is the value for logc(q). The
illustration of the method can be seen in Fig. 4.8.

Note that there is no need to estimate ¢(q) and 79(q) for all positive value of ¢, which
is an impossible task. In fact, the largest value of ¢ one should consider depends on the
interested finite queue length of the involved queue length probability, see below.

4.4.3 Analysis results

The analysis results of the mentioned data sets are presented below. These results together
with the simulation results of some exact multifractals shown in Section 4.3.4 validate the use
of the approximation for a single queue with constant service rate and general multifractal
input.

DEC-PKT-1
s=1
b=500

-0.5

-1.0

logT'(s,b)

-15

-2.0

Figure 4.10: Theoretical queue tail probability at each value of queue size b is the minimum
of log T*(s,b), for example DEC-PKT-1, s = 1,b = 500.

Figure 4.9(a) shows the plot of absolute moments of the aggregated sets of the set DEC-
PKT-1 versus the aggregation level in a log-log plot for some values of the moment order
q. The linearity of the plots observed in the figure clearly indicates the scaling property of
this data set. After applying the estimation method presented in the previous subsection
the two sets of 79(q) and ¢(q) were estimated which are drawn in Fig. 4.9(b) and Fig. 4.9(c)
(log c(q) was estimated instead of ¢(q)). The plot of the function 79(¢) = 7(¢) + 1 is a
concave curve which suggests the multifractal property of DEC-PKT-1.

Next a comparison between the approximation and the queuing simulation of real data
traces was made to validate the use of the formula in practice. The approximation for
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probabilities of queue tail presented in Proposition 4.2.1 can be rewritten in the form

logP[Q > b] =~ min {log c(q) + 7o(q) log o

=: min {logT"(s,b)} = T(s,b).
q>0

b7o(q)
—To(q

bq
y e q—m<q>}

(4.20)

For the sake of calculation simplicity the service rate was chosen such that s = 1. The
lower curve in Fig. 4.9(d) shows the simulation result of the DEC-PFT-1 data set. Using
Eq. (4.20) the value of the logarithmic tail probability at each concerned value of queue size
b is taken by the numerical minimization of log T*(s, b) with the estimated sets {c¢(q)} and

{m0(¢)}. An example is shown in Fig. 4.10.
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Figure 4.11: Analysis results of the DEC-PKT-2 data set: (a) the plots of the absolute
moments, (b) estimated form of 7(g) which shows the data set can be modeled by statistical
self-similarity with H = 0.8, (c) estimation of log[c(q)], (d) queuing simulation compared

with the theoretical tail probabiliti

€s.

In addition, there is no need to plot log T*(s, b) at each value of ¢ to find its minimum.
A simple program routine can do it for all concerned value of b at once. The theoretical tail
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probabilities are on the upper curve in Fig. 4.9. As comparing with the simulation result
which is seen in the same figure it is found that these curves have the similar shape and
become tight as b increases. This validates the approximation.
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Figure 4.12: Analysis results of the DEC-PKT-3 data set: (a) the plots of the absolute
moments, (b) and (c¢) estimated form of 79(q) and log[c(q)], respectively; the concavity of
70(¢q) shows the multiscaling nature of the data set, (d) queuing simulation compared with
the theoretical tail probabilities.

The same analysis were performed with two other data sets DEC-PFK-2 and DEC-PK'T-
3. The results are summarized in Fig. 4.11 and Fig. 4.12. The DEC-PKT-3 set also exhibits
multifractal structure as the DEC-PKT-1 and its queuing analysis gives some similar results.
The DEC-PKT-2 data set, however, has the exact monofractal structure and can be well
modeled by statistical self-similarity with Hurst parameter H = 0.8. The queuing model
deals with general multifractal processes so it also involves the case of monofractal cases.
Thus it is not surprising that the analysis also provides the correct queuing results in this
case.
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4.5

Conclusion

In this chapter a study of the queuing performance of a single server infinite capacity queue
with a constant service rate fed by general multifractal input process was presented. The
results can be summarized by the followings:

An asymptotic approximation of the steady-state queue length probabilities was de-
rived.

It is shown that the approximation results in the well-known Weibullian queue tail in
case of the monofractal fractional Brownian motion input process.

It was proved that the class of Gaussian processes with scaling properties is limited
to monofractal processes and their characteristic functions were derived.

The formula was applied for the case of Gaussian input processes and it justified the
results from the theory of Gaussian processes.

The practical applicability of the approximation was demonstrated and validated by
simulation of two multiplicative multifractal processes.

Some impacts of multifractality were investigated and presented.

It have been shown that the formula gives the correct result in analysis of both mul-
tifractal and monofractal network traffic cases.



Chapter 5

A Complete Model of Multifractal
Traffic

In the self-similar traffic characterization framework a large number of traffic models has
been developed (fractional Brownian motion (fBm) models, FARIMA models, Cox’s M/G /oo
models, on/off models, etc.) [57]. There are also different processes which are candidates
for multifractal modeling. Multiplicative cascades were first used as a multifractal model for
data traffic [22, 44]. This class is the most well-known member of the class of multifractal
processes. The simplest case of this process is the binomial cascade which can be defined by
a binary tree structure [20, 44]. Combining this process with the aforementioned fBm we
can define a new class called the fractional Brownian motions in multifractal time [20]. This
process has several nice properties, e.g. it is able to capture LRD and multifractal scaling
independently. The self-similar a-stable process [50] is a different multifractal process. Its
statistics of order ¢ > « are not finite resulting in an irregular multifractal structure. One
of the simplest process from this class is the linear fractional stable motion.

This chapter proposes a new multifractal traffic model for network traffic. The model
is a combination of a multiplicative cascade with an independent lognormal process. It is
shown that the model has all the important properties observed in data traffic including
LRD, multifractality and lognormality. It is also demonstrated that the model is flexible
enough to capture the complete multifractal characteristics of data traffic including both
the scaling function and the moment factor. On the other hand, the model is simple
enough from practical point of view having only three parameters. Practical applications
for measured data traffic and validation of the model with queuing performance evaluation
are also presented.

5.1 Multiplicative cascades

The simplest multifractals are typically constructed by an iterative procedure called mul-
tiplicative cascade. Consider a unit interval associated with a unit mass. At stage k =1

65
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divide the unit interval into two equal subintervals and associate with them the mass r and
1 — r, respectively. The fraction r is called the multiplier. The same rule is applied to
each subinterval and its associated mass. The iterative procedure of cascade construction
is shown in Fig. 5.1. The multipliers r are chosen to be independent random variables R
concentrated on [0, 1] with the probability distribution function Fr(z), E[R] = 1/2. The
multiplier r is also chosen to have a symmetric density function so that » and 1 — r have
the same marginal distribution. Thus at the stage k a dyadic interval of length At = 27F
starting at t = 0.91...m, = >_7;2~ has the mass (measure)

w(Aty) = R(m)R(m1,m2) - .- R,y -+ -1k,

where R(n1,...,n;) indicates the multiplier at stage number 7. Since multipliers are i.i.d. it
is easy to show that the measure u satisfies the scaling relationship:

E [u(Lty)7] = (E[RI)F = Aty %P

which defines a multifractal process with scaling function 7(q) = — logy E [RY].

Note that the multifractal process constructed above is also referred to as conservative
cascade. An important property of this random cascade is its dependence structure due to
the construction. If the multipliers used in the construction have the same fixed value rg
(0 < 79 < 1) then the obtained multiplicative measure is called binomial. Binomial measure
is a deterministic cascade, its scaling function being 79(¢) = —logy(rd + (1 —r¢)?) + 1. In
addition, if the iteration only conserves mass on the average, i.e., multipliers at each mass
division are also i.i.d. but have mean of 1/2, the corresponding measure is called canonical
[20]. An example of the multiplicative cascades can be seen in Fig. 5.2

stage measure
0 1
1 I /\ L1,
2 fl,lfz,l/hl-fz,l) (1-r1,1)r2,z/\(1-r1,1)(1-r2,2)
3 r1,1(1-rz,l)rﬁfz,l)(l'r3,2)

Figure 5.1: The iterative procedure of cascade construction.

Note that the multifractal process constructed above is also referred to conservative
cascade. An important property of this random cascade is its dependence structure due to
the construction. If the multipliers used in the construction have the same fixed value rg
(0 < 79 < 1) then the obtained multiplicative measure is called binomial. Binomial measure
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Figure 5.2: Multiplicative measures at stage k = 10: (a) binomial cascade (ro = 0.4), (b)
conservative cascade (R ~ Uniform(0, 1)).

is a deterministic cascade, its scaling function being 19(¢) = —logy(rd + (1 —79)?) + 1. In
addition, if the iteration only conserves mass on the average, i.e., multipliers at each mass
division are also i.i.d. but have mean of 1/2, the corresponding measure is called canonical
[20]. An example of the multiplicative cascades can be seen in Fig. 5.2 .

From the network modeling point of view only conservative cascades are of interest. The
binomial cascade is naturally excluded because it is a deterministic process. The canonical
cascade cannot be used since it is an independent random process, while network traffic
flows are long-range dependent. In this study the conservative cascade is used as a building
block of the traffic model.

5.2 A multifractal traffic model

The multifractal model based on multiplicative cascades is presented in details in this sec-
tion. Statistical properties of the model are also derived. In addition, a comparison to the
different multifractal models, which can be found in teletraffic literature, is given.

5.2.1 Construction of the model

Suppose that the multifractal analysis of a real data series obtained form measured network
traffic shows its multifractal properties characterized by the scaling function 79(¢) and the
moment factor ¢(q). The obvious task of cascade modeling is to find a convenient probability
distribution for multipliers R such that — logy(E [R?]) = 719(q). However, this cascade model
captures only the multifractal properties given by the scaling function and fails to furnish
any information on the moment factor ¢(g). The idea for a more comprehensive traffic model
is the following: 2%V synthetic data u(/Aty) is first generated by multiplicative cascade with
multipliers governed by the distribution of R. Then 2V data series of our model is the
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pairwise product of the cascade data series and an i.i.d. random samples of a positive
random variable Y with the same length. The variable Y is chosen to be independent of
the cascade measure u(Aty), thus the obtained series, denoted by X (Aty), satisfies

E[X(Aty)1] = E [V E[u(Aty)?] = E[Y) AR, (5.1)
The model fitting task is to find the suitable random variable R and Y such that

—logo(E[RY]) = To(q)
E Y] = c(q).

The presented model is relevant to multifractal network traffic for the following reasons.
First, it is based on the multiplicative construction of a cascade which, in deep, seems to
closely match the TCP/IP protocol operating mechanics as suggested in a number of traffic
research studies [18, 22, 47] as the main cause of multifractality in traffic data at small time
scales. Second, the model traffic can be interpreted as the product of the random peak rate
of the flow Y and the measure of burstiness p(Aty) at the modeled time scale Aty.

For practical use, some modifications to the model are introduced. The measure p(Aty)
has a very small value since it is the product of N multipliers 0 < r < 1, so to avoid loss
of information the cascade measures are multiplied by 2V. Since E [u(Aty)] = 27V, this
normalizes the cascade increment so that it has unit mean. Another modification is to
rescale the cascade process to have unit time interval at stage N instead of Aty = 27N,
For a multifractal increment process Xa

B(xi] = a@ap®
A\ T .
= (g (A—tj) AERD = ¢y (q) AR, (5.2)

which means that the choice of time unit influences the value of the moment factor c(q).
After applying these changes to the model it can be obtained that

E[X (Atp)?) = B [Y9] 2Nlatlosa BRI Ay - 1og2 BIF, (5.3)

where Aty denotes the unit time interval of the data traffic to be modeled.

5.2.2 Model parameters

For multifractal traffic data, the scaling function 79(¢) and the logarithm the moment factor
¢(q) can be estimated by a simple absolute moment method, see in Chapter 3 Section 3.2.3
for details. Denote these estimated functions by 7y(¢) and log é(q), respectively. Owing the
modifications mentioned above, the random variable R and Y should be chosen such that

—logy(E[RY]) = 7o(q) (5.4)
logE[YY = logé(q) — [q +log, E [RY]N log 2
= logé(q) — lg — To(q)]V log 2. (5.5)
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Analysis of various measured traffic traces with multifractal properties shows that the
choice of R as a symmetric beta random variable on [0,1] Beta(a, &) with only one parameter
a > 0 is accurate enough to model the estimated scaling function. In this case

) — log, DT 20 )

" e g ) o

where T'(.) denotes the Gamma function, see definition in chapter 1 Eq. (1.5).

The random variable Y is also chosen to have lognormal distribution. It has two param-
eters m and o and the moment is of the form E[Y?] = emato”a*/2 Thus from Eq. (5.5) m
and ¢ should be chosen such that

a’q* i I'()T(20 + q)

mg+—— = log &(q) — {C] — logy T(a+ g0 (2a)

Note that the distribution for the random variable Y can be freely chosen, it does not

change the property of the model. However, the lognormal distribution is selected because
it has the simplest log-moment function.

In summary, the presented multifractal model has three parameters («,m, o) and the
following characterization functions:

}Nlog 2. (5.7)

_ L(a)l(2a-+q)

70(a) = 1982 Matg)r ()
I'(a)T'(2a+q)
c(g) = emartota? 2N (a-1og TG )

Note that if the right-hand side of Eq. (5.5) is a concave function of ¢ then the examined
traffic data cannot be captured by the presented model since the absolute moment of any
stochastic process is a log-convezr function of the moment order g. (This property is easily
derived from the Hélder inequality.) These kind of multifractal traffic cannot be fully
characterized by a cascade based model.

5.2.3 Statistical properties

Statistical properties of multiplicative cascades are studied in a number of papers, see
[56, 21] for examples. The following properties are extended for 2NV synthetic samples of
the multifractal model.

(i) As an extension of the conservative cascade the traffic model is an exact positive
multifractal process. In the model construction presented in the previous section, the

multifractality is characterized by scaling function 79(¢q) = logy % and the log-
arithm of the moment factor log ¢(q) = (mq+02¢*/2) + (q — log, %) Nlog2

where (o, m, o) are model parameters.

(ii) The mean and the variance of the model process are:
E[X(Ato)] = E[Y] = emto?/2;

Var [X (At)] = E [Y2] 22VE [RY] Y - E [X (Ato)]* = 22t (Ll )N — gmte”,
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(iii) For N > 1, X(Aty) has lognormal distribution. This property is deduced directly
from the fact that X (Atg) = 2V.Y.R(m) ... R(m,...,nn) and the central limit theo-
rem.

(iv) X(Atp) has long-range dependent correlation structure.
Consider the covariance Cov [X (Atg)n, X (Ato)ntk), where k = 2P p =1,2,..., which
can be derived as follows:

Cov [X(Ato)n, X(Ato)nJrk] =E [Y]2 {22NE [,U,(AtN)n.,U,(AtN)nJrk] - 1} . (58)

The two measures u(Aty), and p(Aty),+k are created by the same mass at stage N —
p — 1, denoted by pu(Aty_p_1), thus p(Aty)n = p(AIN)N—p—1.TN—p Hf\;prH Ti g1
and p(AtN)par = AIN)N—p—1-(1 — TN—p)Hi]iprJrl i, where r;; denotes the
actual multiplier values at stage i. Then E [u(AtN)n-pt(AtN)nik] = B [p(Atn—p—1)?]
Efrn—p(1—rn_p)]E [Hﬁ\;prH m,jlm,b] =E [RQ]prfl [% —E [RQ]](1/2)2P. Insert
this into Eq. (5.8) we get

Cov [X (Ato)n, X (Ato)nir] = 2m+o’ {a(a + 1)N-1 [ a+1 :|—p B 1}

(a+1/2)N |a+1/2
_ pmror ot DV crosy (845)  amro? (5.9)
(a+1/2)N

_ a+1
Thus when N, k are large the covariance is ruled by k& IOgQ(a“/ 2>, i.e., the model has
1 a+1
LRD structure with Hurst parameter H = 1 — M. It is easy to check that for
a>0He(05,1).

5.2.4 Comparison with other multifractal models

The reasons which explain the suitability of the described multifractal model for network
traffic modeling are first summarized: (1) it is a positive process, hence reasonable for the
simulation of the traffic counting processes; (2) it captures the full multifractal character-
istics defined by the scaling function 79(¢) and the moment factor c(q); (3) it has approx-
imately lognormal marginal distribution, which seems to match the real traffic; (4) it also
has LRD correlation structure, which is an important property of high-speed LAN/WAN
network traffic.

Since the observation of the flexible scaling structure in some WAN traffic environments
[46, 37, 18] network researchers have suggested several multifractal models for character-
ization of these traffic flows among which two distinct approaches can be identified. The
first one uses multifractal time for subordinating a monofractal process (FBM) to model
multifractals, e.g. in [33]. The disadvantages of this approach lie in the presence of some
negative values and Gaussian marginal of the model synthetic processes, which is not always
suitable for network traffic simulation. The other approach is based on the multiplicative
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cascades [45, 22, 10, 21, 34]. In general, multiplicative cascades are very attractive for traf-
fic modeling. They are positive processes, easy to generate, and also possessing a plausible
explanation for the origin of multiscaling properties in the traffic, see [22, 47] for more
details. However, authors in [10] and [21] only fit the model to the LRD structure of the
measured traffic, thus these models do not capture the multifractal characteristics of the
traffic which is also ruled by the higher order moments. Cascade models in [45, 22] provide
a better fit to the traffic multifractality but require N parameters for 2V synthetic data.
Then it is difficult to use these models in analytic approaches, e.g., in queuing performance
estimations for multifractal traffic input.

In contrast, the presented traffic model suggests an alternative method of cascade mod-
eling with only three parameters. The model provides the close analytic form of the char-
acteristic functions of multifractality with properties close to the real data traffic.

5.3 Analysis

In this section the effectiveness of the model is examined by simulation of some real data
traces. After fitting the parameters, synthetic data is generated and compared with the
real traces in a queuing performance analysis.

25
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Figure 5.3: Model fitting results for the DASTASET1: (a) the estimated scaling function
and the fitted curve; (b) moment factor fitting.

5.3.1 Model fitting

Data traces were collected from the traffic measurements carried out at an outgoing Internet
connection of the Informatics Building, Budapest University of Technology and Economics
in 2000. The traffic traces, captured by tcp-dump, were the aggregated traffic of about 100
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workstations used by staff member, Ph.D. students, and student laboratories. We use two
data sets, denoted by DATASET1 and DATASET2, for analysis. The both sets contain
217 data samples of IP traffic bytes, counted in 100 bytes for simple calculation, arriving in
consecutive time intervals of 60ms. The modified absolute moment based method presented
in chapter 4 Section 4.4.2 was used to test the multifractal characteristics of the traces.

Figure 5.3 presents the multifractal analysis and model fitting results for the DATASET1.
As observed in Fig. 5.3(a) the concavity of the estimated scaling function shows evidence
for multiscaling structure of the DATASET1. It can also be seen in this figure the theo-
retical multiscaling function of the multiplicative cascade with parameter a; = 9.36 of the
Beta(a, a)-distributed multipliers. As it is seen, the multiscale function of the cascade pro-
cess (also of the model) provide a very tight fit to the estimated curve. The next step is to
determine the value of the parameters m and o of the lognormal distribution to account for
the difference between the logarithm of the estimated moment factor and the moment factor
of the multiplicative cascade. The two moment factors and their difference are plotted in
Fig. 5.3(b). It was found that the lognormal distribution with m; = 0.57 and o1 = 0.23 is
adequate for this goal.
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Figure 5.4: Model fitting results for the DASTASET2: (a) the estimated scaling function
and the fitted curve; (b) moment factor fitting.

A similar procedure is carried out for the DATASET2 and the results are presented
in Fig. 5.4. The analysis also indicates the multiscaling properties for this data set. The
model can be fitted to the estimated multifractal characteristic functions with as = 11.003,
meo = 0.46, and o9 = 0.15.

5.3.2 Queuing analysis

Next the queuing performance of the real data traces is compared to that of their simulated
data sets generated using the new model. Consider the simulation in an infinite-buffer
single-server queue with constant service rate and FIFO serving discipline. The synthetic
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Figure 5.5: Experimental queue tail distributions of the DATASET1 and DATASET?2 (solid
lines) and their corresponding synthetics (dashed lines) at different server utilization of 0.9,

0.7, and 0.5 (from top to bottom).
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data sets for each real trace are generated using the estimated model parameters. The
analysis results are shown in Fig. 5.5.

Figure 5.5(a) presents the observed queue tail probabilities for the DATASET1 and their
synthetic sets. The analysis is considered at different server utilization p. In the plot the
solid lines present the tail probabilities of the real trace and the dashed lines the results
of the trace simulation. The curves, from top to bottom, correspond to p = 0.9, 0.7, and
0.5, respectively. The results show that the queuing behavior of the real trace and their
synthetic sets are approximately similar.

Queuing performance comparison on the DATASET2 and its synthetics, as seen in
Fig. 5.5(b), also exhibits a very good match. The results show that the multifractal traffic
model provides queuing behavior close to that of the measured traffic.

5.4 Conclusion

A new multifractal traffic model has been introduced in this paper. The modeling process is
the pairwise product of a multiplicative cascade and an independent, identically distributed
lognormal process. The obtained traffic model thus can capture the full characteristics
of multifractality defined by its scaling function and the moment factor. The detailed
statistical properties of the model are also discussed and it was found that they match the
most important properties of the real WAN traffic like long-range dependence and lognormal
marginal.

The traffic model is then applied to two real traffic traces which are found to have
multiscaling structure. The real traces and their corresponding synthetic sets generated by
the model are compared in a queuing performance test of an infinite-buffer single-server
queuing system with constant service rate. The results show that the queue tail behaviors,
simulated at different server utilization, are very close to each other. It can be concluded
that the model provides a good alternative method for multifractal traffic modeling.

The model construction possesses the opportunities for further developments. One can
choose other distributions for the multipliers and/or the random variable Y which provide
an even better fit for multifractal characteristic functions.



Chapter 6

Summary of the Dissertation

The mathematical background of the fractal traffic theory was first briefly overviewed in
Chapter 1. The findings and results of the dissertation were presented in the next four
chapters. In Chapter 2 the implications of non-stationary effects in long-range dependence
tests were investigated by both analytical and simulation studies. In Chapter 3 the aim
is to find how the correlation and scaling structure of the IP components influence the
aggregated IP traffic. Chapter 4 contains the performance estimation for a simple queuing
system with the general multifractal traffic input. In Chapter 5 a new model was introduced
for multifractal network traffic.

6.1 Implications of non-stationarity in long-range dependence

testing and estimation

In Chapter 2 both analytical and simulation investigations of the implications of non-
stationarity on some most used long-range dependence tests were presented. Analytical
studies were first shown for three cases:

e | have proven the relation between the variance of the aggregated data series and
the original variance in the presence of the level shift, thus predicted the behavior
of the variance-time plot in the cases of both long-range dependent and short-range
dependent series with level shift presented.

e [ have proven the connection between the variance of the aggregated data series and
the original variance in the presence of linear trend. This results in the distortion
of the variance-time plot in long-range dependence test and may provide misleading
conclusion.

e I have also proven the behavior of the R/S analysis in testing data series containing
level shift. It was shown that the test is still valid in the case of simple level shift.
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Moreover the R/S plot may detect the level shift present in the data. More complicated
level shifts could make the estimation of the Hurst parameter unreliable.

The analysis study was verified and completed by simulation examples. A fractional
Brownian motion series and a data set generated by the Poisson process were chosen as
the reference of long-range dependent and independent process. The level shift, linear
trend, and parabolic trend were then added to these series. A series of ATM cell arrivals
obtained from a real-time traffic measurements on the Swedish University NETwork was
also analyzed to demonstrate the practical side of the problem.

e [ have shown that in general the presence of non-stationarity results in unreliable
detection of long-range dependence and poor estimation of the Hurst parameter by
long-range dependence tests (variance-time plot, R/S analysis, periodogram plot). It
is easy to confuse long-range dependence with non-stationary short-range dependent
processes. I have suggested that long-range dependence testing should not be used
without a preceding stationary analysis.

The estimation of the Hurst parameter is not an easy task since long-range dependence
is an asymptotic property. Moreover, it is made more difficult by the appearance of non-
stationarity which is often observed in the real data traffic. Unfortunately, these effects
sometimes cannot be detected and/or removed from the data, particularly from bursty
network traffic. The presented study is far from being complete but it may provide some
reference points to avoid pitfalls in long-range dependence traffic modeling.

The results presented in Chapter 2 are published in [J3, C3].

6.2 Characterization of IP traffic components

In Chapter 3 the aim is to investigate the impact of the components in the overall IP traffic
from the correlation and scaling point of view. I have carried out a detailed analysis on
some selected IP traffic traces measured at the Department of Telecommunications and
Telematics, Budapest University of Technology and Economics.

First the correlation study was performed. It is known that the aggregation of long-range
dependent streams is also long-range dependent with the highest Hurst parameter.

e [ have shown that in practice the correlation structure of the component with highest
variance dominates the correlation structure of the aggregated stream.

This finding is verified in long-range dependence analysis of the IP traffic components at the
transport layers and of the TCP components at the application layers. The autocorrelation
function of the IP traffic inherits its form from the correlation structure of the TCP traffic
as well as the TCP from the HT'TP traffic although at the application layer the FTPdata
traffic was found to have the highest Hurst parameter.

In scaling analysis I have found that the multifractal aggregation is composed of parts
with very different scaling behavior (no scaling, monoscaling, multiscaling).
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e I have shown that multifractal properties of network traffic can also be present at
large time scales, not only at small times scales.

Some authors [18, 19, 22] argue that the scaling properties of the WAN traffic can be
categorized into two regions: a large time scaling phenomenon with self-similarity and a
small time scale phenomenon multifractal scaling. Possible physical explanations of scaling
phenomena should be found to fit these statements. The presented findings show that
the characteristics of the WAN traffic should be carefully analyzed and further studies are
needed to understand the large scale multiscaling behavior of the traffic.

The results of Chapter 3 provide some contributions to a deeper understanding of network
characteristics. The results were published in [C4, C5, J4].

6.3 Queuing performance of multifractal traffic

In Chapter 4 a mathematical formula was provided for the estimation of queue tail proba-
bilities of an infinite capacity single server queue serviced at a constant rate and driven by a
general multifractal input process. I have proven the approximation formula for the queue
tail asymptotics and shown different applications of the formula. I have also proposed a
practical methodology for queue tail estimation of real traffic cases.

Fractal traffic research is a new, alternative direction of network traffic modeling. There
are few results concerning the queuing behavior of data traffic with scaling properties.
Actually, there are only some results which are presented regarding the proposed concrete
scaling model like fractional Brownian motion [42, 14] or the multifractal wavelet model
[43].

e | have derived a general asymptotic approximation for the queue tail probabilities of
a queuing system fed by an input traffic with scaling property. It involves the cases of
self-similar, monofractal, and multifractal processes. I also shown that the so-called
moment factor of multifractality is needed besides of the scaling function.

Since the formula is proven for the general scaling cases, it can be applied for self-similar
traffic like fractional Brownian motion. However, there are needs of both the moment factor
and the scaling function of this traffic.

e | have derived the multifractal characteristic functions for the fractional Brownian
motion and shown that the approximation provides exactly the Weibullian queuing
formula which had been proven using the Large Deviation Technique [14].

A very interesting question for network researchers is that how multifractal traffic impact
differ from monofractal case. I have shown some highlights for this problem in a simulation
study.
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e [ have shown that having the same moment factor, a process with multiscaling prop-
erty can produce worse queuing behavior than that of the process with monoscaling
property. Moreover, the queuing behavior of such a system is also very sensitive to
changes of the moment factor.

One of the most useful feature of the queuing approximation is that it forms the ideal to
construct a methodology for estimation of multifractal queuing systems. I have proposed a
numerical calculation method for queue tail probabilities estimation of network traffic with
scaling property. The method was found to be very effective in evaluation analysis of real
measured traffic traces.

e [ have proposed a methodology for queue tail estimation of a queuing system driven
by multifractal traffic input knowing its characteristics functions. I also provided a
modified method for estimation of these functions from the measured traffic trace.

The results of Chapter 4 are published in [J2, J1, C2].

6.4 A multifractal traffic model

In Chapter 5 the aim is to construct a simple multifractal of the traffic network. The model
should be able to capture the complete characteristics of multifractals containing both the
moment factor and the scaling function. It could be more useful and easy to manage if it
has less parameters.

e [ have proposed an new model for multifractal traffic based on the multiplicative cas-
cades. The model is the combination of a multiplicative cascade with an independent
lognormal process and it has only three parameters.

A full description of a model should contain its detailed statistical properties which show
how it can fit the traffic to be modeled.

e [ have extended the properties of the multiplicative cascade to the proposed model. I
have shown that it has all the important properties observed in data traffic including
long-range dependence, multifractality, and lognormality.

Once the model is chosen the obvious task is to set the parameters of the model to fit
the traffic data. This operation is shown in simulation example of several measured traffic
traces.

e [ have proposed some practical guidelines for parameter setting of the model from the
estimated characteristic functions of the traffic data.

In Chapter 5 there are also some ideals and opportunities for further developments of the
model. The results in Chapter 5 are published in [J1, C1].



Appendix A

Appendices of Chapter 4

A.1 Proof of Lemma 4.3.1

Denote by X (¢) the Gaussian process. Since X (¢) has scaling property it satisfies the general
definition for multifractal process, i.e., E[|X(t)]?] = ¢(q)t"@*!. Thus the variance of the
X (t) process should be 0 = ¢(2)t"@*1. The Gaussian process X (t) ~ N (0,¢(2)t"@+1)

has the normal distribution and we have

1

$2
160) =~ @ (g )

The ¢"* moment of X (t) can be calculated by the definition:

+o0
E[X(1)7] = / 2] f (2)de
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Introduce y := The formula above can be rewritten as follows:
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which concludes our proof.

79

(A.1)



80

A.2 Proof of Proposition 4.3.2
The approximation in Proposition 2 states that

1T (U1 (log z)]

ﬁm ~ e)(I)(—x)7 xlarge
& logD [T '(logz)] ~ [T '(logz)—1/2]loga —a + log v/, (A.2)
By the Stirling’s formula we have
logT(z+1) — (2 4+ 1/2)log z 4+ z = log vV 2r as z — 0. (A.3)

Put z +1 = ¥~ !(log ), hence x = exp¥(z + 1) — 00 as z — oo by the monotonicity of
U(-). We obtain

logD [U~!(logz)] — [¥ ' (logz) — 1/2] log [T (logx) — 1] + [T ! (logz) — 1] ~
~ log V2w as x — 00. (A.4)
In [11] it is derived that

fim 2D
z—oo  log z

=1, (A.5)

hence z = ¥~ [w(z) log z]—1 where lim, o, w(x) = 1. Using the approximation ¥~!(log z)—
~ x for large =, we get the equation

log [\Il_l(log z)] - [\I/_l(log z) —1/2] logz + z ~ log Vo, (A.6)

which is a good approximation as numerical computations also demonstrate.
Then the approximation in Eq. A.2 follows if we change the constant log v/27 by log /7.
O
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