THE EFFECTOF MULTIPLEXINGCDV AFFECTED CBR CELL STREAMS

SÆndor MolnÆr Technical University of Budapest Department of Telecommunications and Telematics Sztoczek u. 2 H-1111 Budapest, Hungary

SłrenBlaabjerg Ellemtel Scheelevägen 17 S-223 70 Lund Sweden

Abstract: This study deals with the analysis of delay and loss performance of an ATM multiplexer receiving Constant Bit Rate (CBR) cell streams which have been exposed to Cell Delay Variation (CDV). The CBR cell stream are exposed to CDV in a single FIFO multiplex described by a diffusion model. Furthermore, the queueing performance of the superposition of such cell streams when offered to a FIFO queue is carried out by an application of the Benes result. The study also considers the CDV behaviour after the CBR cell stream has passed through aseries of queues based on asimple model. All investigations are illustrated by numerical examples.

COST 242 TD(94)014

May 25-26, 1994

1 Int roduction

To understand the alteration of cell stream characteristics in ATM networks is and important issue with implications on traffic and congestion control. As the cell stream passes through the network its characteristics is changing due to the interference with other cell streams. Each cell will experience different traffic conditions in buffers, and therefore different delays resulting in a jitteredcell stream. This phenomenon, denoted as Cell Delay Variation (CDV), is a major issue of the standardization bodies [CCITT] as well as ATM forum, and also in the literature many contributions can be found [Gro91], [Bla93], [Hue94].

So far, most of the efforts have been made in describing a single CDV affected cell stream [Bla93], [BMS93],indimensioningtheUPC-algorithm(leaky bucket) [Hue94],[GBDR92],[CTF92],andderiving the effect CDV has on peak rate enforcement [GRo91], [Skl94].

Theobjectiveofthispaper istopresent ananalysisofthedelayand lossperformanceofanATMmultiplexer receiving a number of CDV affected CBR cell streams. To get more insight into the effect of CDV after a series of queues is another objective.

In section 2 a brief description of a diffusion model can be found, by which we model the CDV affected CBR cell stream. The probability distributions for the number of arrivals in both an arbitrary window and in a window starting from an arrival are presented. In section 3 we investigate the superposition of these cell streams and use the "Benes result" to obtain an accurate approximation for the queue length distribution. The approach is illustrated by numerical examples. In section 4 a study about the effect CDV created from a series of queues is carried out based on [BRe92] with numerical examples.

2 Characteristics of a CBR cell stream after passage of an ATM Multiplex

In order to characterize the effect CDV has when a CBR stream is multiplexed with a background stream, we restrict our attention to a FIFO queue with deterministic service time receiving information from two cell arrival processes, a CBR cell arrival process with constant inter arrival time d, and a background cell arrival process with arrival intensity λ. The time unit is chosen as the service time of one cell, and the load on the FIFO queue is ρ = λ + 1/d.

Figure 1 The FIFO model and the CDV affected cell stream

Let d denote the interarrival time between CBR cells at the source and choose the time such that cell no. n is transmitted at time nd from the source.

CBR cell stream

background cell stream CDV affected background

cell stream

CDV affected CBR cell stream

Let Wn denote the delay of cell no. n. The sequence Wn is assumed stationary and the dependence between successive CBR cell delays is assumed Markovian. Define . Thus denotes the departure time of cell no. n (See Figure 2). Also define the inter exit time of cell no. n as:

Figure 2 The inter exit time distribution is the difference between the actual arrival of cell no. n and the expected arrival time.

In section 2.1 we consider the case in which the load is smaller than 1 and apply a diffusion analysis to characterize the CDV affected CBR stream after passage of the queue. In section 2.2 we assume that the load of the multiplex is 1, and show that in many cases the CDV affected stream is well approximated by a renewal process and we find the distribution of the interarrival time.

2.1 The Diffusion Approximation

In order for the diffusion approach to work we need to assume that the deterministic server queue receiving thesuperposition of theCBR streamand thebackgroundstreamobeysanexponentialasymptotic behaviour i.e. (1) for some positive real number z, where W denotes the virtual waiting time.

2.1.1 Virtual Waiting Time Behaviour Described by Diffusion We assume that the dependencies betweensuccessive CBR cell delays in the queue are markovian as in [GRo91], but in order to obtain closed form expressions, the evolution of the queue length (or virtual waiting time) between CBR arrivals will be modelled by a reflected Brownian motion.

Letdenote thewaiting time afictitious observerwouldexperienceifhe joinedthe diffusion queue at time t (the virtual waiting time at time t). The probability of conditioned on is, for a Brownian motion with drift m (assumed smaller than zero in order to ensure a stable queue), variance σ2 and a reflection in zero, in section 2.8 in [Kle76] derived to be:

τ_n nd W_n+ = τ_n U_n τ_n nd− τ_0− = cell no. 0 1 2 n d d

τ0 τ1 τ2 W0 τn

W1

Un +nd arrival at

arrival after Wn the queue

being exposed to CDV

. . .

P W r>

{ } Cexp zr−( ) for r ∞→ ≈

W̃_t W̃_t x≤ W̃_0 y=

(2)

where denotes the standard Gaussian probability distribution.

The right hand side of (2) is a distribution function in x for all and all t > 0, and it converges towards the exponential distribution with mean -σ2/2m, independent of initial condition y, when t tends to infinity. Both the arrivals of the CBR cells as well as the cells from the background process are modelled in accordance withthe diffusion approach,i.e. the queue lengthisnot increased by oneateachCBR cell arrival. Instead these arrivals as well as background arrivals and departures are takeninto account by a proper choice of drift as well as variance in the diffusion process as shown next.

The delay of CBR cell no. n, is approximated by: (3) that is the waiting time that CBR cell no. n experience in the FIFO multiplex is approximated by the virtual waiting time in the diffusion queue at time nd. A disadvantage with formula (2) is that there is a positive probability that the waiting time between time t and time t + u decreases more than u which of course in the original M+D/D/1 queue is impossible.Ift is thetimeof CBRarrival no.nandu=d thenthiswouldimplythat CBRcellno.n+1would departfromthe queuebeforecellno.n.Thisweaknessisinherenttothemodelandthereforethemodel should only be used for values of d for which this probability is low, implying that d needs to be large. WhenthebackgroundtrafficisPoissonian,theasymptoticbehaviourforlargequeuelengthhavebeen worked out in [BSi87]. They found that the number of cells in the queue just prior to a CBR arrival

have a geometric tail determined by the root of outside the unit disk with smallest module. In our case with positive probability of a single arrival, [BSi87] shows that this root is unique, real and greater than one. The asymptotic slope of the waiting time therefore should be exponential with slope . By choosing the variance parameter in the diffusion process properly, we are able to match the decay rates of the stationary waiting time distribution in the diffusion approximation with the correct one of the M+D/D/1 queue.

Since the diffusion decay rate is -2m/σ2 we get: (4) where we as drift m have taken the same as in the M/D/1 queue.

P W̃_t x W̃_0 ≤ y= { } Φ x y− mt− σ t e^2 m σ2 x Φ x − y− mt− σ t for x 0> − 0 for x 0< =

Φ y 0≥

W_n

W_n W̃_{nd} =

z_∞ z^{d 1−} e^ρ 1 d − d z 1−( ) =

s_∞ ln z_∞( ) = σ^2

σ^2 2m

ln z_∞( ) and m ρ 1−= −=

If the background traffic is described by the Discrete time Markovian Arrival Process (DMAP) the superposition with the CBR source is also an DMAP and since the asymptotic decay rate of the DMAP/D/1 queue is found by computing the dominant root of a specific determinant function which involves the Perron Frobenious eigenvalue, see [GCa92] for details, the diffusion approximation is also applicable in this case only with the variance parameter changed.

2.1.2 The Probability Distribution of the Inter Exit Time and the Interarrival Time

The inter exit time in the diffusion context is: (think of t = nd), and as shown in [Bla93] it is given as

(5)

The interarrival time distribution between cell no. k and k+n is trivially obtained from the inter exit time distribution as (6) which is simply the inter exit distribution shifted by nd.

2.1.3 The Number of Arrivals in a Window Starting Just after an Arrival

Consider an interval of the form ]τj, τj+t] starting just after the arrival of cell no. j. Then

(7) by (5) where denotes the number of arrivals in ]τj, τj+t].

Ũ_t W̃_t W̃_0− t− =

F̃_t x( ) P Ũ_t x≤{ } 1 2 1 2 Φ x mt − σ t 1 2 e 2m σ2 x Φ x mt + σ t − for x 0> − +

1 2 e 2m σ2 − x Φ x m − t σ t 1 2 Φ x mt + σ t for x 0< + = =

F_n x( ) P τ_{k n+} τ_k− x≤

{ } P τ_n τ_0− x≤

{ } P Ũ_{nd} x nd− } ≤ { = = =

P N τ_j τ_j t+,( ) n≥

{ } P Ũ_{nd} nd t≤+{ } F̃_{nd} t nd−( ) = = =

1 2 1 2 Φ t σ nd 1 m+( ) σ nd − 1 2 e 2m σ^2 t nd−( ) Φ t σ nd

− 1 m − ( ) σ nd + for t nd> − +

1 2 e 2m σ2 − t nd−( ) Φ t σ nd 1 m+( ) σ nd − 1 2 Φ t σ nd 1 m−( ) σ nd − for t nd< +

N τ_j τ_j t+,( )

2.1.4 The Number of Arrivals in an Arbitrary Window

Let t0 denote an arbitrary point in time, and consider the interval ]t0, t0+t]. According to section 4.2 in [CLe66] then

(8)

in which Y denote the forward recurrence time, Xi denote the interarrival time between cell no. i-1

and i, Fi(u) denotes the distribution function of , and denotes the number of ar-

rivals in ]t0, t0+t]. (8) is a direct consequence of formula (4.2.10) in [CLe66]. Since

is given in closed form in (7) we mayobtain the probabilitydistributionofthenumberofarrivalsinanarbitrarywindowbyintegrating(7)withrespecttot.

The result can be formulated as: (9) in which Gn(t) for t < nd is given as

(10.a)

and for t > nd, Gn(t) is given as:

P N t_0 t_0 t+,( ) n≥

{ } P Y X_2 .. X_n t≤ + + + { } 1 d F_{n 1−} u( ) F_n u( ) − ( ) du 0 t ∫ = =

X_j

j 1= i ∑_{N t0 t0 t+,( )}

F_n u( ) P Ũ_{nd} u nd−≤

{ } F̃_{nd} u nd−( ) = =

P N t_0 t_0 t+,( ) n≥

{ } G_{n 1−} t( ) G_n t( )− =

G_n t( ) σ^2 4m −( ) 1 d {_e 2m σ2 t nd−( ) − Φ t σ nd

1 m+ σ nd − e 2m σ2 nd Φ 1 m + σ nd − − =

Φ t σ nd

1 m− σ nd − − Φ 1 m − σ nd − } +

1 2d {_{t 1 m−( ) nd} −( ) Φ t σ nd

1 m− σ nd − 1 m−( ) ndΦ 1 m− σ nd − + +

σ ndφ t

σ nd

1 m− σ nd − σ ndφ 1 m− σ nd − } − +

(10.b)

where we have utilized the symmetry relation to obtain (10.b).

2.2 When the Load on the Multiplex is One

Now, consider the case that the load of the multiplex is exactly 1. This case has been considered by both [BMS93]and [Kel93].Hereweshallapply the arguments from [Kel93]. Theprobabilitythat the queue is empty can be neglected, and we get that the difference in waiting time between CBR cell no. i-1 and CBR cell no i is

(11)

where denotes the number of arriving cells from the background stream in the time interval ]s,t]

If the background stream constitutes a Poisson process, then is a Poisson distribution with parameter . From (11) we therefore derive the result that the CDV affected CBR stream constitutes arenewal process with interarrival time distribution where P denotes the Poisson distribution. The independence between different interarrival times comesfromthememorylesspropertyoftheexponentialdistributioninthePoissonprocess.Theresult implies that the squared coefficient of variation of the CDV affected stream is (d-1)/d2.

If the background stream constitutes a renewal process with interarrival time distribution f, the CDV affected cell stream will no longer be a renewal process. The complication arises from the fact that the time from the CBR arrival until the first background arrival depends on the interarrival time betweenthe previous backgroundarrivaland the present CBRarrival However, ifd is large, thenumber of background arrivals between two CBR arrivals will be large and since only the first interarrival interval has a distribution which differs from f, it will be an accurate approximation simply to use the equilibrium forward recurrence time independent of the previous background arrival.

G_n t( ) σ^2 4m −( ) 1 d {_e 2m σ2 t nd−( ) Φ t − σ nd

1 m− σ nd + e 2m σ^2 nd Φ 1 m + σ nd − − =

Φ t − σ nd

1 m+ σ nd + − Φ 1 m − σ nd − } +

1 2d {_{1 m+( ) nd t−} ( ) Φ t σ nd

1 m− σ nd − 1 m−( ) ndΦ 1 m− σ nd − + +

σ ndφ t − σ nd

1 m+ σ nd + σ ndφ 1 m− σ nd − } − + t nd− d +

F̃_t x( ) F̃_t x−( ) + 1=

W_i W_{i 1−}

− 1 N+_{background} d i 1−( ) di, ( ) d− = N_{background} s t,( )

N_{background} s t,( ) λ t s−( ) 1 P λd( ) + 1 P d 1−( ) + =

Therefore, when the background process is a renewal process, when d is large, and when the load on the multiplex is 1, we may approximate the CDV affected cell stream with a renewal process with interarrival time distribution . Here, itshouldbe noticedthatitisingen-

eral difficult to obtain a closed form expression for .

3 Queueing Analysis of a Superposition of CDV Affected St reams

In section 2, we derived expressions for the number of arrivals in a window from a single CDV affected CBR cell stream.In this section, we assume that a finite number of independent CDV affected CBR cell streams are multiplexed in the buffer. Due to the independence between different streams the distribution of the number of arrivals from the superposition can be found from a convolution of the individual distributions. The number of arrivals from a single stream is given in formula (7) and (9)in section 2. After convolutionwe can applythe Benes resultforthe virtual waitingtime in the G/D/1queue.Thisresultenablesustofindthevirtualwaitingtimedistributionalonefromknowledge on the number of arrivals in a window, both with windows starting at an arrivals and with arbitrary windows, see section 5.3 in [COST]for details. In the present case we shall apply the so-called"local load approximation", see section 5.3.2 in [COST] for details, which can be formulated as:

(12)

The result is only valid for stable queues i.e the load should be smaller than 1 and in this case it is normally easy to truncate the infinite summation in the numerical applications and still obtain accurate results.

3.1 Numerical results

To illustrate the approach we present two scenarios. In the first scenario three examples are considered: the superposition of 7, 8 and 9 CBR sources which have been exposed to CDV. These streams are multiplexed in a single multiplexing stage and after that the streams are offered to a FIFO with a load of 0.7, 0.8 and 0.9 which are corresponding to the superposition of 7, 8 and 9 streams, respectively, implying that the peak rate of the CBR sources are 0.1 corresponding to d = 10. The degree of CDV is controlled by the load on the CDV creating queues as described in section 2.

1 N_{background} d i 1−( ) di, ( ) + N_{background} s t,( )

W_t

P W_t r }>

{ P N t n− t,( ) { n 1=

∞ ∑_{≅ n r }+=} ρ P N t n− t,( ) { n 1=

∞ ∑ − n r an arrival at t n− } + =

Figure 3 Comparison of the virtual waiting time distributions of 7CDV/D/1 queues (load = 0.7)

Figure 4 Comparison of the virtual waiting time distributions of 8CDV/D/1 queues (load = 0.8)

r

LogP{W>r}

M/D/1

7CDV/D/1 ρ = 0.95

7CDV/D/1 ρ= 0.6

7D/D/1

M/D/1

8CDV/D/1 ρ = 0.95

8CDV/D/1 ρ = 0.6

8D/D/1

r

LogP{W>r}

Figure 5 Comparison of the virtual waiting time distributions of 9CDV/D/1 queues (load = 0.9)

For a load of 0.6 in the CDV creating queues the queueing results differ very little from the result of the nD/D/1 queue while for a CDV creating load of 0.95 the difference become larger. However, the delay performance is still much better than for the M/D/1 case.

In the other scenario also three examples are considered: 14, 16 and 18 CDV affected CBR sources multiplexed in a FIFO with a load of 0.7, 0.8 and 0.9 respectively, implying d = 20.

Figure 6 Comparison of the virtual waiting time distributions of 14CDV/D/1 queues (load= 0.7)

LogP{W>r}

r

M/D/1

9CDV/D/1 ρ = 0.95

9CDV/D/1 ρ = 0.6

9D/D/1

LogP{W>r}

r 14D/D/1

14CDV/D/1 ρ = 0.6 and 0.95

M/D/1

Figure 7 Comparison of the virtual waiting time distributions of 16CDV/D/1 queues (load= 0.8)

Figure 8 Comparison of the virtual waiting time distribution of 18CDV/D/1 queues (load = 0.9)

ForthesecasestheresultsarepracticallyidenticaltotheresultsforthenD/D/1queueeveninthecases with a CDV creating load of 0.95.

An overall conclusion is that, except for the case with multiplexing a very few high speed CBR cell streams, the effect of CDV in a single multiplexing queue is neglectable.

LogP{W>r} r

M/D/1

16D/D/1

16CDV/D/1 ρ = 0.6 and 0.95

LogP{W>r} M/D/1

18CDV/D/1 ρ = 0.6 and 0.95

18D/D/1 r

4 CDV Characteristics aftera series of multiplexing stages

The rather detailed diffusion model for characterizing the CDV after passage of a single queue becomes inappropriate when coming to the analysis of CDV after a series of queues. Instead a simpler model is needed. Here we shall give a brief description of the model presented in [BRe92], and apply the results to obtain the queueing performance of a number of CDV affected CBR cell streams. Consider a discrete time queueing model consisting of M ATM queues in series. There are two types of arrivals to the system. First we have a reference connection entering the first queue and passing successively through all M queues. Secondly,for each queue k we have an interfering traffic entering queue k and immediately after service completion in queue k leaves the system. (See Figure 9.)

Figure 9 Queues in series with interfering traffic Let thesequence fork =1, ...,M be the sequence ofinterarrival times of thereference traffic to queue k, that is the number of slots (cells) between the arrival of reference cell no. n and n + 1 to queue k. ThesuperpositionoftheinterferingtrafficismodelledasabatchBernoulliprocess,thatisthenumber of arrivals in successive times slots are independent identically distributed with common distribution f and generating function F. For simplicity it is assumed that the interfering traffic statistically is the same at each queue. denotes the number of arrivals in timeslot i at queue k.

The outputprocess of thereference connection from queue k isafunction ofthe input processes and .However, to arrive at a tractable model, the following heavy traffic assumption will be imposed: Heavy Traffic Assumption: At each point in time the k’th queue is non-empty. Under this assumption all slots between two adjacent reference cell arrivals consists of interfering cells, implying that

(13)

... reference traffic interfering traffic

"interfering traffic"

X_n^{k 1−}

{ }_n X_n^{k 1−}

Y_i^k

X_n^k{ }_n X_n^{k 1−}

{ }_n Y_nk{ }_n

X_n^k Y_i^k

i 1=

X_n^{k 1−} 1+∑ = where for i= 1, ... , is the number of interfering arrivals in slot i and is the number of interfering arrivals in the timeslot in which reference cell n arrived. To arrive at (13) we have also assumed that the reference connection has priority over the interfering cells. A similar expression would bevalidif the interferingcellshad priority over the reference connection,see [Bre92] formore details. (13) shows that the process is a branching process with immigration. Furthermore we get (14) where denotes the generating function of . From the general theory of branching processes it is possible to arrive at the following results:

Result 1: (Limit interarrival time distribution - infinitely many queues) Assume that . When , then in distribution where the generating function of satisfy in which is recursively defined by and . Result 2: (Asymptotically a renewal process) Let and be two possibly dependent interarrival times. Define:

(15)

where and are independent of each other and satisfying the assumptions of result 1. Then (16) in distribution, where are independent. From these two results two important conclusions can be drawn: 1 When thereference cellstream haspassed a sufficient numberofqueues theinterarrival time distribution has converged towards a limit distribution which only depends on the interfering traffic and not on the original characteristics of the reference stream except the rate.

2 When the reference stream has passed a sufficient amount of queues it becomes a renewal stream.

X_n^{k 1−} Y_i^k Y_{Xnk 1− 1+}^k

X_n^k k, 0,..,M = { } P_k s( ) F s( ) P_{k 1−} F s( )( ) = P_k s( ) X_n^k

E Y_i^k( ) 1< k ∞→ X_n^k X_n^∞→ X_n^∞ P s( ) F_j s( )

j 1=

∞∏=_{Fj s}( )_{F1 s}( )_{F s}( )=

F_j s( ) F F_{j 1−} s( ) ( ) =

X_n^0 X_{n p+}^0

X_n^{k 1+} X_{n p+}^{k 1+},

( ) Y_ik

i 1=

X_n^k 1+∑

Y_i^{k p,}

i 1=

X_{n p+}^k 1+∑ , = Y_i^k Y_i^{k p,} X_n^k X_{n p+}^k,( ) X_n^∞ X_{n p+}^∞,( ) → X_n^∞ X_{n p+}^∞,

Section6in[BRe92]arguesbyaninterpolationargumentbetweenthelighttrafficcase(nointerfering traffic) and the heavy traffic case that the result 1and 2should also hold in moderate traffic with only the speed of the convergence changed. Wenow take a closer look on howthe squared coefficient ofvariation ofthe interarrival timechanges as the cell stream passes through the network. Assume that the reference connection constitutes a renewal process with rate 1 - p yielding and arbitrary variance .

From (14) we get

and (17)

From this equation it can be seen that the sequence is an increasing sequence if

and it is decreasing if and in both cases

the monotonic sequence converges towards the variance of . To get an idea of how fast the convergence is we consider the case where the reference connection is a CBR connection with . Assume that the variance of the interfering stream corresponding to Poisson traffic, and assume that the load on each of the queues are 1.

From (17) it can be seen that

(18)

For the limit case in which the number of queues to be passed is infinite and in the case with Poissonian interference, the CDV affected CBR cell stream will have a squared coefficient of variation

(19)

where the term is needed since denotes the number of empty slots between two successive reference arrivals, and therefore the mean of the interarrival time is one larger than An important implication of (19) is that the squared coefficient of variation in the Poisson interfering case never exceeds 1/2.

E X_n^0( ) p1 p−= Var X_n^0( )

E X_n^{k 1+}( ) E Y_i( ) 1 E X_n^k( )+( )

= Var X_nk 1^+( ) Var Y^i ( ) 1 p− p^2Var Xn^k( ) + = Var X_n^k( )

{ }_k

Var X_n^0( )

Var Y_i( ) 1 p−( ) 1 p^2−( )

< Var X_n0( ) Var Y^i ( ) 1 p−( ) 1 p^2−( ) > X_n^∞

Var X_n^0( ) 0= Var Y_i( ) p=

Var X_n^k( ) p1 p− p^{2j}

j 0= k 1−∑ =

c^2

Var X_n^∞( ) E X_n^∞( ) 1+

( )^2 p 1 p−( ) 1 p^2−( ) 1 1 p−( )^2 p 1 p+( ) = = = E X_n^∞( ) 1+

( ) E X_n^∞( )

E X_n^∞( )

Considerthe casein which thereference streamhas interarrivaltime d= 10, correspondingto p=0.9. Thenthefollowingtableshowshowthesquaredcoefficientofvariationofthereferencestreamvaries as it passes through the queues of the network.

For M = 1,the squared coefficient of variation is which

is exactly the squared coefficient of variation of the CDV interarrival time distribution given in section 2.2.

The conclusions that a limit interarrival time distribution emerges, and that it depends only on the characteristics of the interfering stream together with the load of the reference stream also appears in the model of [AMe93]. In this model, which does not assume heavy load, the same scenario with a series of queue with two types of arrivals are investigated. Here the reference cell stream is a discrete time renewal process with a truncated, but else, general interarrival time distribution. The interfering streams are Poisson streams or superpositions of Bernoulli streams. Each queue is treated independently and the interdeparture interarrival time of the reference cell stream at queue k is computed numerically and the result is used as (reference stream) input to queue k + 1.

4.1 Numerical results

As in the previous case we consider two scenarios. In the first scenario 7, 8 and 9 CDV affected cell streams are multiplexed corresponding to the load of 0.7, 0.8 and 0.9 respectively. In the second scenario we investigate the superposition of 14, 16 and 18 CDV affected cell streams also corresponding to the load of 0.7, 0.8 and 0.9 respectively. From the values given in the table we approximate each CDVaffectedstream byrenewalstreamswithan Erlang-ninterarrivaltimedistribution.Wehavetaken n= 11 (corresponding to passage of a single queue), n = 4 (corresponding to passage of 4 queues), and n = 2 (corresponding to an infinite number of queues). As in section 3, we have used the local load approximation of the Benes result for finding the virtual waiting time distribution.

Table 1: The squaredcoefficient of variationas afunction of the number of queues

M = 0 M = 1 M = 2 M = 4 M = 6 M = 10 M = 25

0 0.09 0.163 0.270 0.340 0.416 0.471 p 1 p−( ) ⁄ d^2 1 1 d⁄−( ) 1 d⁄( ) ⁄ d^2 d 1−

d^2 = =

Figure 10 Comparison of the virtual waiting time distributions of 7Erl-n/D/1 queues (load = 0.7)

Figure 11 Comparison of the virtual waiting time distributions of 8Erl-n/D/1 queues (load = 0.8)

LogP{W>r} M/D/1 7Erl-2/D/1 7Erl-4/D/1 r 7Erl-11/D/1 7D/D/1

Figure 12 Comparison of the virtual waiting time distributions of 9Erl-n/D/1 queues (load = 0.9)

Figure 13 Comparison of the virtual waiting time distributions of 14Erl-n/D/1 queues (load = 0.7)

LogP{W>r} M/D/19Erl-2/D/1

9Erl-4/D/1

9Erl-11/D/1

9D/D/1 r

Figure 14 Comparison of the virtual waiting time distributions of 16Erl-n/D/1 queues (load = 0.8)

Figure 15 Comparison of the virtual waiting time distributions of 18Erl-n/D/1 queues (load = 0.9)

As the result shows then the affect of CDV comes more and more apparent as the number of queues which the CBR streams has passed increases. However, an important result of the model described in section 4 is that as long as we have Poissonian interference then the delay performance of the multiplexing of a number of CDV affected CBR cell streams will not be worse than the superposition of the same number of renewal processes with squared coefficients of variation 1/2.

LogP{W>r} M/D/1

18Erl-2/D/1

18Erl-4/D/1

18Erl-11/D/1

18D/D/1 r